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A novel coupled fixed point results pertinent to

Ab-metric spaces with application to integral

equations

Konchada Ravibabu∗, Chindirala Srinivasa Rao, and Chappa Raghavendra Naidu

Abstract. We prove the existence and uniqueness of coupled common fixed point

results in partially ordered Ab-metric spaces in the present study. In addition to

the acquired results, examples and applications are provided.

1. Introduction

Adopting fixed point strategy to solve fractional differentials, integral equations,

and boundary problems is often a nightmare. It is because we must deal with

not just a high number of contradictions, but also their non-static nature. In re-

cent times, scholars have become interested in fixed point theory (simply, FPT),

which was first proposed by a Polish mathematician. Real-world challenges include

ground water flow problems, fractional advection dispersion equations, spatial fre-

quency diffusion equation models, lumped parameter models, linguistic factors, and

metaphysics. Quasi geometry, crystallisation theory, and coding analytics all benefit

from FPT. It has a wide range of applications in medical innovation, biomechanics,

and algorithms.

The idea of metric spaces is a broad concept that underpins many fields of math-

ematics, including topological structures, complex concepts, etc. Many fascinating

generalisations (or adaptations) of the metric space idea have proposed over the

years (see for example 2.4-2.6). The concept of a b-metric was first suggested by

I.A.Bakhtin [4]. M.Abbas et al. [2] recently developed the idea of n-tuple metric

space and investigated its topological features. As an extensive sense of n-tuple

metric space, M.Ughade et al. [12] proposed the concept of Ab-metric spaces. In
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partially ordered Ab-metric spaces, N.Mlaiki et al. [10] obtained unique coupled

common fixed point theorems.

We prove various unique coupled common fixed point theorems in partially or-

dered Ab-metric space using the preceding facts, as well as we present examples and

applications to demonstrate our results.

We’ll need some basic definitions, results, and examples from the literature before

we can prove the main results.

2. Preliminaries

Definition 2.1. ( [2]). Let M be a non empty set and γ(≥ 2) be a positive

integer. A function A : M γ → [0,∞) is called an A -metric on M , if for any pαi, a

∈ M ; i = 1, 2, . . . , γ, the following conditions hold.

(i)A ( pα1, pα2, . . . , pαγ−1, pαγ) ≥ 0,

(ii)A ( pα1, pα2, . . . , pαγ−1, pαγ) = 0 if and only if pα1 = pα2 = · · · = pαγ−1 = pαγ,

(iii)A ( pα1, pα2, . . . , pαγ−1, pαγ) ≤ [A ( pα1, pα1, . . . , pα1(γ−1)
, a) + A ( pα2, pα2, . . . , pα2(γ−1)

, a)

+ · · ·+ A ( pαγ−1, pαγ−1, . . . , pαγ−1(γ−1)
, a)

+ A ( pαγ, pαγ, . . . , pαγ(γ−1)
, a)].

The pair (M ,A ) is called an A -metric space.

Definition 2.2. ([6]). Let M be a non empty set. Ab-metric on M is a function

d : M 2 → [0,∞) such that the following conditions hold for all pα, pβ, pµ ∈ M .

(i) d( pα, pβ) = 0 ⇐⇒ pα = pβ,
(ii) d( pα, pβ) = d( pβ, pα),
(iii) there exists s ≥ 1, such that d( pα, pµ) ≤ s[d( pα, pβ) + d( pβ, pµ)].
The pair (M , d) is called a b-metric space.

Definition 2.3. ([12]). Let M be a non empty set and n ≥ 2. Suppose b ≥ 1

is a real number. A function Ab : M n → [0,∞) is called an Ab -metric on M , if for

any pαi, a ∈ M , i = 1, 2, . . . , γ, the following conditions hold.

(i) Ab( pα1, pα2, . . . , pαγ−1, pαγ) ≥ 0,

(ii) Ab( pα1, pα2, . . . , pαγ−1, pαγ) = 0 if and only if pα1 = pα2 = · · · = pαγ−1 = pαγ,

(iii) Ab( pα1, pα2, . . . , pαγ−1, pαγ) ≤ b[Ab( pα1, pα1, . . . , pα1(γ−1)
, a)

+ Ab( pα2, pα2, . . . , pα2(γ−1)
, a)

+ · · ·+ Ab( pαγ−1, pαγ−1, . . . , pαγ−1(γ−1)
, a)

+ Ab( pαγ, pαγ, . . . , pαγ(γ−1)
, a)].

The pair (M ,Ab) is called an Ab-metric space.

The metric space Ab seems to be more versatile than the metric space A . Like-

wise, mathscrAb-metric space with b = 1 is an unique circumstance of Ab-metric
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space. We observe because b-metric space and Sb-metric space with n = 2 and 3, re-

spectively, are particular case of Ab-metric space. Usual metric space and S-metric

space are indeed particular variants of Ab-metric space, with b=1 and γ = 2 and 3

correspondingly.

In this scenario, γ is called the index of Ab.

Example 2.4. ([12]). Let M = [0,∞) and γ ≥ 2. Define Ab : M γ → [0,∞) by

Ab( pα1, pα2, . . . , pαγ−1, pαγ) =
γ∑

i=1

∑
i<j

| pαi − pαj|2, for all pαi ∈ M , i = 1, 2, . . . , γ. Then

(M ,Ab) is an Ab-metric space with b = 2.

Example 2.5. ([12]). Let M = R and γ ≥ 2. Define Ab : M γ → [0,∞) by

Ab( pα1, pα2, . . . , pαγ−1, pαγ) =

γ∑
i=2

| pαi − (γ − 1) pα1|2 +
γ∑

i=3

| pαi − (γ − 2) pα2|2+

. . .+
n∑

i=γ−2

| pαi − 3 pαγ−3|2 +
γ∑

i=γ−1

| pαi − 2 pαγ−2|2

+ | pαγ − pαγ−1|2 ,
for all pαi ∈ M , i = 1, 2, . . . , γ. Then (M ,Ab) is an Ab-metric space with b = 2.

Example 2.6. ([10]). Let M = [0,∞) and γ ≥ 2. Define Ab : M γ → [0,∞)

by Ab( pα1, pα2, . . . , pαγ−1, pαγ) = | pα1 −max( pα2, pα3, . . . , pαγ)|2, for all pαi ∈ M , i =

1, 2, . . . , γ. Then (M ,Ab) is an Ab-metric space on M with b = 2, and it is not

difficult to see that (M ,Ab) is not an A-metric space on M .

Lemma 2.1. ([12]). Let (M ,A ) be Ab metric space, so that A : M γ → [0,∞)

for some γ ≥ 2. Then A( pα, pα, . . . , pα︸ ︷︷ ︸
(γ−1)times

, pβ) ≤ bA ( pβ, pβ, . . . , pβ︸ ︷︷ ︸
(γ−1)times

, pα), for all pα, pβ ∈ M

Lemma 2.2. ([12]). Let (M ,A ) be Ab metric space, so that A : M γ → [0,∞)

for some γ ≥ 2.

Then A ( pα, pα, . . . , pα︸ ︷︷ ︸
(γ−1)times

, pµ) ≤ (γ − 1)bA ( pα, pα, . . . , pα︸ ︷︷ ︸
(γ−1)times

, pβ) + b2A ( pβ, pβ, . . . , pβ︸ ︷︷ ︸
(γ−1)times

, pµ), for all

pα, pβ, pµ ∈ M .

Lemma 2.3. ([12]). Let (M ,A ) be Ab-metric space. Then (M 2, DA) is Ab-

metric space on M × M with DA defined by

DA(( pα1, pβ1), ( pα2, pβ2), . . . , ( pαγ, pβγ)) = A ( pα1, pα2, . . . , pαγ) + A ( pβ1, pβ2, . . . , pβγ), for all

pαi, pβi ∈ M , i, j = 1, 2, . . . , γ.

Definition 2.7. . Let (M ,A ) be Ab-metric space. A sequence { pαθ} in M
is said to converge to a point pα ∈ M , if A ( pαθ, pαθ, . . . , pαθ︸ ︷︷ ︸

(n−1)times

, pα) → 0 as θ → ∞.
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That is, to each ε ≥ 0 there exist N ∈ N such that for all k ≥ N , we have

A ( pαθ, pαθ, . . . , pαθ︸ ︷︷ ︸
(n−1)times

, pα) ≤ ε and we write lim
θ→∞

pαθ = pα.

Note: pα is called the limit of the sequence { pαθ}

Lemma 2.4. ([10]).Let (M ,A ) be Ab-metric space. If the sequence { pαθ} in M
converges to a point pα, then the limit pα is unique.

Definition 2.8. . Let (M ,A ) be Ab-metric space. A sequence { pαθ} in M
is called a Cauchy sequence, if A ( pαθ, pαθ, . . . , pασ︸ ︷︷ ︸

(γ−1)times

, pαm) → 0 as σ,m → ∞. That

is, to each ε ≥ 0, there exists N ∈ N such that for all σ,m ≥ N, we have

A( pασ, pασ, . . . , pασ︸ ︷︷ ︸
(γ−1)times

, pαm) ≤ ε.

Lemma 2.5. ([10]). Every convergent sequence in a Ab-metric space is a

Cauchy sequence.

Definition 2.9. A Ab-metric space (M ,A ) is said to be complete, if every

Cauchy sequence in M is convergent.

Definition 2.10. ([7]). Let (M ,≤) be a partially ordered set and O,H :

M ×M → M be mappings. We say that (O,H ) has the mixed weakly monotone

property on M , if for any pα, pβ ∈ M , pα ≤ O( pα, pβ), pβ ≥ O( pβ, pα). Then

O( pα, pβ) ≤ H ((O( pα, pβ),O( pβ, pα)), O( pβ, pα) ≥ H ((O( pβ, pα),O( pα, pβ))

and pα ≤ H ( pα, pβ), pβ ≥ H ( pβ, pα) implies that

H ( pα, pβ) ≤ O((H ( pα, pβ),H ( pβ, pα)), H ( pβ, pα) ≥ O((H ( pβ, pα),H ( pα, pβ)).

Definition 2.11. Let M be a non-empty set and O,H : M × M → M be

maps on M × M .

(i) A point ( pα, pβ) ∈ M ×M is called a coupled fixed pint of O, if pα = O( pα, pβ) and
pβ = O( pβ, pα).
(ii) A point ( pα, pβ) ∈ M ×M is said to be a common coupled fixed pint of O and H ,

if pα = O( pα, pβ) = H ( pα, pβ) and pβ = O( pβ, pα) = H ( pβ, pα).

Note: We write D for DA, when there is no confusion.

Note: ( pα, pβ) is said to be a Coupled coincidence point of O and H , if O( pα, pβ) =
H ( pα, pβ) and O( pβ, pα) = H ( pβ, pα).

We observe that a common coupled fixed pint of O and H is necessarily a Cou-

pled coincidence point of O and H .
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3. Main Results

In this section, we generalize and extend the results of M. Abbas et al.[2] and

N.Mlaiki et al.[10] .

Before going to the main results we introduce the notion of cross product D =

Ab × Ab and study its properties.

Suppose (M ,≤,A ) is a partially ordered complete Ab-metric space. Define the

partial order ′′ ⪯′′ on M × M as follows: ( pα, pβ) ⪯ (u, v) if pα ≤ u and pβ ≥ v for

( pα, pβ), (u, v) ∈ M , then ′′ ⪯′′ is partial order on M × M . Let n(≥ 2) be a positive

integer. Define D : (M × M )n → [0,∞) as follows

D(( pα1, pβ1), ( pα2, pβ2), . . . , ( pαn, pβn)) = A ( pα1, pα2, . . . , pαn) + A ( pβ1, pβ2, . . . , pβn).

Then from lemma 2.11, (M × M ,⪯, D) is a Ab-metric space. Now we observe

the following:

(1) A sequence {( pασ, pβσ)} in M ×M → ( pα, pβ) ⇐⇒ { pασ} → pα and { pβσ} → pβ.
Suppose that {( pασ, pβσ)} in M × M → ( pα, pβ). That is,

D(( pασ, pβσ), ( pασ, pβσ), . . . , ( pασ, pβσ), ( pα, pβ)) → 0 as σ → ∞.

Then

A ( pασ, pασ, . . . , pασ, pα) + A ( pβσ, pβσ, . . . , pβσ, pβ) → 0 as σ → ∞.

So

A ( pασ, pασ, . . . , pασ, pα) → 0 as σ → ∞ and A ( pβσ, pβσ, . . . , pβσ, pβ) → 0 as σ → ∞.

Therefore { pασ} → pα and { pβσ} → pβ. Conversely suppose that { pασ} → pα and

{ pβσ} → pβ. That is, A ( pασ, pασ, . . . , pασ, pα) → 0 as σ → ∞ and A ( pβσ, pβσ, . . . , pβσ, pβ) →
0 as σ → ∞. Then

A ( pασ, pασ, . . . , pασ, pα) + A ( pβσ, pβσ, . . . , pβσ, pβ) → 0 as σ → ∞.

So,

D(( pασ, pβσ), ( pασ, pβσ), . . . , ( pασ, pβσ), ( pα, pβ)) → 0as σ → ∞.

Therefore {( pασ, pβσ)} in M × M → ( pα, pβ).
(2) {( pασ, pβσ)} is a Cauchy sequence in M ×M ⇐⇒ { pασ} and { pβσ} are Cauchy

sequence in M . Suppose that {( pασ, pβσ)} is a Cauchy sequence in M ×M . That is,

D(( pασ, pβσ), ( pασ, pβσ), . . . , ( pασ, pβσ), ( pαm, pβm)) → 0as σ,m → ∞.

Then

A ( pασ, pασ, . . . , pασ, pαm) + A ( pβσ, pβσ, . . . , pβσ, pβm) → 0as σ,m → ∞.

Hence,

A ( pασ, pασ, . . . , pασ, pαm) → 0as σ,m → ∞
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and

A ( pβσ, pβσ, . . . , pβσ, pβm) → 0as σ,m → ∞.

Therefore { pασ} and { pβσ} are Cauchy sequence in M . Conversely suppose that

{ pασ} and { pβσ} are Cauchy sequence in M . That is, A ( pασ, pασ, . . . , pασ, pαm) → 0 as

σ,m → ∞ and A ( pβσ, pβσ, . . . , pβσ, pβm) → 0 as σ,m → ∞. This implies that

A ( pασ, pασ, . . . , pασ, pαm) + A ( pβσ, pβσ, . . . , pβσ, pβm) → 0as σ,m → ∞.

So,

D(( pασ, pβσ), ( pασ, pβσ), . . . , ( pασ, pβσ), ( pαm, pβm)) → 0as σ,m → ∞.

Therefore {( pασ, pβσ)} is a Cauchy sequence in M × M .

(3) M is complete if and only if M × M is complete. Suppose { pασ} and { pβσ}
are complete in M . That is, { pασ} → pα and { pβσ} → pβ. Thus,

A ( pασ, pασ, . . . , pασ, pα) → 0as σ → ∞

and

A ( pβσ, pβσ, . . . , pβσ, pβ) → 0as σ → ∞.

So,

A ( pασ, pασ, .... pασ, pα) + A ( pβσ, pβσ, . . . , pβσ, pβ) → 0as σ → ∞.

Then

D(( pασ, pβσ), ( pασ, pβσ), . . . , ( pασ, pβσ), ( pα, pβ)) → 0as σ → ∞.

Thus {( pασ, pβσ)} is complete in M ×M . Conversely, suppose that {( pασ, pβσ)} is

complete in M × M . That is, { pασ, pβσ} → ( pα, pβ). This implies that

D(( pασ, pβσ), ( pασ, pβσ), . . . , ( pασ, pβσ), ( pα, pβ)) → 0as σ → ∞.

So,

A ( pασ, pασ, . . . , pασ, pα) + A ( pβσ, pβσ, . . . , pβσ, pβ) → 0as σ → ∞.

Then

A ( pασ, pασ, . . . , pασ, pα) → 0as σ → ∞
and

A ( pβσ, pβσ, . . . , pβσ, pβ) → 0as σ → ∞.

Therefore { pασ} → pα and { pβσ} → pβ. Now we prove our first main result.

Theorem 3.1. Let (M ,≤,A ) be a partially ordered, complete Ab-metric space

and O,H : X2 → M be two maps such that

(i) the pair (O,H ) has mixed weakly monotone property on M and there exists

pα0, pβ0 ∈ M such that pα0 ≤ O( pα0, pβ0),O( pβ0, pα0) ≤ pβ0 or

pα0 ≤ H ( pα0, pβ0),H ( pβ0, pα0) ≤ pβ0,

(ii) there is an pα such that pαb((n− 1) + b) < 1 and

A (O( pα, pβ),O( pα, pβ), . . . ,O( pα, pβ),H (u, v))+A (O( pβ, pα),O( pβ, pα), . . . ,O( pβ, pα),H (v, u))
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≤ pθmax{D(( pα, pβ), ( pα, pβ), ...( pα, pβ), (u, v)),
D(( pα, pβ), ( pα, pβ), ...( pα, pβ), (O( pα, pβ),O( pβ, pα))),
D((u, v), (u, v), ..., (u, v), (H (u, v),H (v, u))),

D(( pα, pβ), ( pα, pβ), ...( pα, pβ), (H (u, v),H (v, u))),

D((u, v), (u, v), ..., (u, v), (O( pα, pβ),O( pβ, pα)))}

(1)

for all pα, pβ, u, v ∈ M with pα ≤ u and pβ ≥ v,

(iii) either O or H is continuous.

Then O and H have a coupled common fixed point in M .

Proof. Let ( pα0, pβ0) be a given point in M × M , satisfying (i). Write pα1 =

O( pα0, pβ0), pβ1 = O( pβ0, pα0), pα2 = H ( pα1, pβ1), pβ2 = H ( pβ1, pα1). Define the sequences

{ pασ} and { pβσ} inductively

pασ+1 = O( pασ, pβσ), pβσ+1 = O( pβσ, pασ)

pασ+2 = H ( pασ+1, pβσ+1), pβσ+2 = H ( pβσ+1, pασ+1)
(2)

for all σ ∈ N. Since pα0 ≤ O( pα0, pβ0), pβ0 ≥ O( pβ0, pα0) and since (O,H ) has the

mixed weakly monotone property, we have

pα1 = O( pα0, pβ0) ≤ H (O( pα0, pβ0),O( pβ0, pα0)) = H ( pα1, pβ1) = pα2 =⇒ pα1 ≤ pα2

and

pα2 = H ( pα1, pβ1) ≤ O(H ( pα1, pβ1),H ( pβ1, pα1)) = O( pα2, pβ2) = pα3 =⇒ pα2 ≤ pα3

also

pβ1 = O( pβ0, pα0) ≥ H (O( pβ0, pα0),O( pα0, pβ0)) = H ( pβ1, pα1) = pβ2 =⇒ pβ1 ≥ pβ2

and

pβ2 = O( pβ1, pα1) ≥ O(H ( pβ1, pα1),H ( pα1, pβ1)) = O( pβ2, pα2) = pβ3 =⇒ pβ2 ≥ pβ3.

By induction,

i.e, pα0 ≤ pα1 ≤ pα2 ≤ ...... ≤ pασ ≤ pασ+1 ≤ ........

pβ0 ≥ pβ1 ≥ pβ2...... ≥ pβσ ≥ pβσ+1 ≥,
(3)

for all σ ∈ N. Now we show that these sequences are Cauchy. DefineDσ : M×M →
M by

Dσ = D(( pασ, pβσ), ( pασ, pβσ), . . . , ( pασ, pβσ), ( pασ+1, pβσ+1))

= A ( pασ, pασ, . . . , pασ, pασ+1) + A ( pβσ, pβσ, . . . , pβσ, pβσ+1)
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for all pαi, pβi ∈ M , i, j = 1, 2, ...n. Now

D2σ+1 = A ( pα2σ+1, pα2σ+1, . . . , pα2σ+1, pα2σ+2) + A ( pβ2σ+1, pβ2σ+1, . . . , pβ2σ+1, pβ2σ+2)

= A (O( pα2σ, pβ2σ),O( pα2σ, pβ2σ)...O( pα2σ, pβ2σ),H ( pα2σ+1, pβ2σ+1))

+ A (O( pβ2σ, pα2σ),O( pβ2σ, pα2σ)...O( pβ2σ, pα2σ),H ( pβ2σ+1, pα2σ+1))

≤ pθmax{D(( pα2σ, pβ2σ), ( pα2σ, pβ2σ), ...( pα2σ, pβ2σ), ( pα2σ+1, pβ2σ+1)),

D(( pα2σ, pβ2σ), ( pα2σ, pβ2σ), ...( pα2σ, pβ2σ), (O( pα2σ, pβ2σ),O( pβ2σ, pα2σ))),

D(( pα2σ+1, pβ2σ+1), ( pα2σ+1, pβ2σ+1), ...( pα2σ+1, pβ2σ+1),

(H ( pα2σ+1, pβ2σ+1),H ( pβ2σ+1, pα2σ+1))),

D(( pα2σ, pβ2σ), ( pα2σ, pβ2σ), ...( pα2σ, pβ2σ),

(H ( pα2σ+1, pβ2σ+1),H ( pβ2σ+1, pα2σ+1))),

D(( pα2σ+1, pβ2σ+1), ( pα2σ+1, pβ2σ+1), ...( pα2σ+1, pβ2σ+1),

(O( pα2σ, pβ2σ),O( pβ2σ, pα2σ)))}

From 2,

D2σ+1 ≤ pθ max{D(( pα2σ, pβ2σ), ( pα2σ, pβ2σ), ...( pα2σ, pβ2σ), ( pα2σ+1, pβ2σ+1)),

D(( pα2σ, pβ2σ), ( pα2σ, pβ2σ), ...( pα2σ, pβ2σ), ( pα2σ+1, pβ2σ+1)),

D(( pα2σ+1, pβ2σ+1), ( pα2σ+1, pβ2σ+1), ...( pα2σ+1, pβ2σ+1), ( pα2σ+2, pβ2σ+2)),

D(( pα2σ, pβ2σ), ( pα2σ, pβ2σ), ...( pα2σ, pβ2σ), ( pα2σ+2, pβ2σ+2)),

D(( pα2σ+1, pβ2σ+1), ( pα2σ+1, pβ2σ+1), ...( pα2σ+1, pβ2σ+1), ( pα2σ+1, pβ2σ+1))}

(4)

= pθ max{D(( pα2σ, pβ2σ), ( pα2σ, pβ2σ), ...( pα2σ, pβ2σ), ( pα2σ+1, pβ2σ+1)),

D(( pα2σ, pβ2σ), ( pα2σ, pβ2σ), ...( pα2σ, pβ2σ), ( pα2σ+1, pβ2σ+1)),

D(( pα2σ+1, pβ2σ+1), ( pα2σ+1, pβ2σ+1), ...( pα2σ+1, pβ2σ+1), ( pα2σ+2, pβ2σ+2)),

D(( pα2σ, pβ2σ), ( pα2σ, pβ2σ), ...( pα2σ, pβ2σ), ( pα2σ+2, pβ2σ+2))}

by lemma 2.2,

≤ pθ max{D(( pα2σ, pβ2σ), ( pα2σ, pβ2σ), ...( pα2σ, pβ2σ), ( pα2σ+1, pβ2σ+1)),

D(( pα2σ, pβ2σ), ( pα2σ, pβ2σ), ...( pα2σ, pβ2σ), ( pα2σ+1, pβ2σ+1)),

D(( pα2σ+1, pβ2σ+1), ( pα2σ+1, pβ2σ+1), ...( pα2σ+1, pβ2σ+1), ( pα2σ+2, pβ2σ+2)),

(n− 1)bD(( pα2σ, pβ2σ), ( pα2σ, pβ2σ), ...( pα2σ, pβ2σ), ( pα2σ+1, pβ2σ+1))

+ b2D(( pα2σ+1, pβ2σ+1), ( pα2σ+1, pβ2σ+1), ...( pα2σ+1, pβ2σ+1), ( pα2σ+2, pβ2σ+2))}
= pθ{(n− 1)b[D(( pα2σ, pβ2σ), ( pα2σ, pβ2σ), ...( pα2σ, pβ2σ), ( pα2σ+1, pβ2σ+1))]

+ b2[D(( pα2σ+1, pβ2σ+1), ( pα2σ+1, pβ2σ+1), ...( pα2σ+1, pβ2σ+1), ( pα2σ+2, pβ2σ+2))]}
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= pθ{(n− 1)b[A ( pα2σ, pα2σ, . . . , pα2σ, pα2σ+1) + A ( pβ2σ, pβ2σ, . . . , pβ2σ, pβ2σ+1)]

+ b2[A ( pα2σ+1, pα2σ+1, . . . , pα2σ+1, pα2σ+2) + A ( pβ2σ+1, pβ2σ+1, . . . , pβ2σ+1, pβ2σ+2)]}
(5)

Similarly we get,

A ( pβ2σ+1, pβ2σ+1, . . . , pβ2σ+1, pβ2σ+2) + A ( pα2σ+1, pα2σ+1, . . . , pα2σ+1, pα2σ+2)

≤ pθ{(n− 1)b[A ( pβ2σ, pβ2σ, . . . , pβ2σ, pβ2σ+1) + A ( pα2σ, pα2σ, . . . , pα2σ, pα2σ+1)]

+ b2[A ( pβ2σ+1, pβ2σ+1, . . . , pβ2σ+1, pβ2σ+2) + A ( pα2σ+1, pα2σ+1, . . . , pα2σ+1, pα2σ+2)]}
(6)

From 5 and 6 we have,

2D2σ+1 = 2[A ( pα2σ+1, pα2σ+1, . . . , pα2σ+1, pα2σ+2) + A ( pβ2σ+1, pβ2σ+1, . . . , pβ2σ+1, pβ2σ+2)]

≤ 2 pθ{(n− 1)b[A ( pα2σ, pα2σ, . . . , pα2σ, pα2σ+1) + A ( pβ2σ, pβ2σ, . . . , pβ2σ, pβ2σ+1)]

+ b2[A ( pα2σ+1, pα2σ+1, . . . , pα2σ+1, pα2σ+2) + A ( pβ2σ+1, pβ2σ+1, . . . , pβ2σ+1, pβ2σ+2)]}

Therefore

D2σ+1 ≤ pθ{(n− 1)b[A ( pα2σ, pα2σ, . . . , pα2σ, pα2σ+1) + A ( pβ2σ, pβ2σ, . . . , pβ2σ, pβ2σ+1)]

+ b2[A ( pα2σ+1, pα2σ+1, . . . , pα2σ+1, pα2σ+2) + A ( pβ2σ+1, pβ2σ+1, . . . , pβ2σ+1, pβ2σ+2)]}
(7)

This implies that

(1− pθb2)D2σ+1 ≤ pθ(n− 1)bD2σ

and therefore

D2σ+1 ≤
pθ(n− 1)b

1− pθb2
D2σ. (8)

Put ζ = pθ(n−1)b

1− pθb2 , then 0 < ζ < 1. From 8, we have

D2σ+1 ≤ ζD2σ.

Similarly, we can show that

D2σ+2 ≤ ζD2σ+1,

for σ = 0, 1, 2, .... Hence

Dσ+1 ≤ ζDσ.

Therefore

Dσ+1 ≤ ζσ+1D0. (9)

Define

Dσ,l = D(( pασ, pβσ), ( pασ, pβσ), . . . , ( pασ, pβσ)︸ ︷︷ ︸
(n−1)−times

, ( pαl, pβl))

= A ( pασ, pασ, . . . , pασ︸ ︷︷ ︸
(n−1)−times

, pαl) + A ( pβσ, pβσ, . . . , pβσ︸ ︷︷ ︸
(n−1)−times

, pβl)
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Now we have to show that Dσ,l is a Cauchy sequence. By Lemma 2.2, for all

σ,m ∈ N, σ ≤ m, we have

Dσ+1,m+1 = A ( pασ+1, pασ+1, . . . , pασ+1, pαm+1) + A ( pβσ+1, pβσ+1, . . . , pβσ+1, pβm+1)

≤ b(n− 1)[A ( pασ+1, pασ+1, . . . , pασ+1, pασ+2) + A ( pβσ+1, pβσ+1, . . . , pβσ+1, pβσ+2)]

+ b2[A ( pασ+2, pασ+2, . . . , pασ+2, pαm+1) + A ( pβσ+2, pβσ+2, . . . , pβσ+2, pβm+1)]

= b(n− 1)Dσ+1 + b2b(n− 1)[A ( pασ+2, pασ+2, . . . , pασ+2, pασ+3)

+ A ( pβσ+2, pβσ+2, . . . , pβσ+2, pβσ+3)]

+ b2b2[A ( pασ+3, pασ+3, . . . , pασ+3, pαm+1) + A ( pβσ+3, pβσ+3, . . . , pβσ+3, pβm+1)]

=b(n− 1)Dσ+1 + b3(n− 1)Dσ+2 + b5(n− 1)Dσ+3

...

+ b2(m−k)−3(n− 1)[A ( pαm−1, pαm−1, . . . , pαm−1, pαm)

+ A ( pβm−1, pβm−1, . . . , pβm−1, pβm)]

+ b2(m−k)−1(n− 1)[A ( pαm, pαm, . . . , pαm, pαm+1)

+ A ( pβm, pβm, . . . , pβm, pβm+1)]

From 9,

Dσ+1,m+1 ≤ b(n− 1)[ζσ+1 + b2ζσ+2 + b4ζσ+3...+ b2(m−k)−2ζm]D0

=⇒ Dσ+1,m+1 ≤ b(n− 1)ζσ+1[1 + b2ζ + (b2ζ)2 + ...+ (b2ζ)(m−k−1)]D0

= b(n− 1)ζσ+1[1 + θ + θ2 + ....+ θ(m−k−1)]D0

≤ b(n− 1)ζσ+1(
1

1− θ
)D0

Since 0 < ζ < 1, we have

lim
σ,m→∞

A ( pασ, pασ, ... pασ, pαm) + A ( pβσ, pβσ, . . . , pβσ, pβm) = 0.

That is

lim
σ,m→∞

A ( pασ, pασ, ... pασ, pαm) = lim
σ,m→∞

A ( pβσ, pβσ, . . . , pβσ, pβm) = 0.

Therefore { pασ} and { pβσ} are both Cauchy sequences in M . By the completeness

of X, there exists pα, y ∈ M such that pασ → pα and pβσ → pβ as σ → ∞. Therefore

Dσ,l is a Cauchy sequence.

Now we show that ( pα, pβ) is a coupled fixed point of O and H . Without loss of

generality, we may suppose that O is continuous, we have

x = lim
σ→∞

pα2σ+1 = lim
σ→∞

O( pα2σ, pβ2σ) = O( lim
σ→∞

pα2σ, lim
σ→∞

pβ2σ) = O( pα, pβ)
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and

y = lim
σ→∞

pβ2σ+1 = lim
σ→∞

O( pβ2σ, pα2σ) = O( lim
σ→∞

pβ2σ, lim
σ→∞

pα2σ) = O( pβ, pα)

Thus ( pα, pβ) is a coupled fixed point of O. From 1, we have

A ( pα, pα, . . . , pα,H ( pα, pβ)) + A ( pβ, pβ, . . . , pβ,H ( pβ, pα))
= A (O( pα, pβ),O( pα, pβ), . . . ,O( pα, pβ),H ( pα, pβ))
+ A (O( pβ, pα),O( pβ, pα), . . . ,O( pβ, pα),H ( pβ, pα))
≤ pθmax{D(( pα, pβ), ( pα, pβ), ...( pα, pβ), ( pα, pβ)),

D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (O( pα, pβ),O( pβ, pα))),
D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (H ( pα, pβ),H ( pβ, pα))),
D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (H ( pα, pβ),H ( pβ, pα))),
D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (O( pα, pβ),O( pβ, pα)))}

= pθmax{0, D(( pα, pβ), ( pα, pβ), ...( pα, pβ), ( pα, pβ)),
D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (H ( pα, pβ),H ( pβ, pα))),
D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (H ( pα, pβ),H ( pβ, pα))),
D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), ( pα, pβ))}

= pθ{D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (H ( pα, pβ),H ( pβ, pα)))}
≤ pθb((H ( pα, pβ),H ( pβ, pα)), (H ( pα, pβ),H ( pβ, pα)), . . . , (H ( pα, pβ),H ( pβ, pα)), ( pα, pβ)).

Since pθb < 1, we have (H ( pα, pβ),H ( pβ, pα)) = ( pα, pβ). This implies that H ( pα, pβ) =
pα and H ( pβ, pα) = pβ. Therefore ( pα, pβ) is a coupled fixed point of H . Thus ( pα, pβ) is
a coupled common fixed point of O and H . □

Theorem 3.2. Let (M ,≤,M ) be a partially ordered, complete Ab-metric space

and f, g : X2 → M be two maps such that

(i) the pair (O,H ) has mixed weakly monotone property on X and there exists

pα0, pβ0 ∈ M such that pα0 ≤ O( pα0, pβ0),O( pβ0, pα0) ≤ pβ0 or

pα0 ≤ H ( pα0, pβ0),H ( pβ0, pα0) ≤ pβ0,

(ii) there is an pθ such that pθb((n− 1) + b) < 1 and

A (O( pα, pβ),O( pα, pβ), . . . ,O( pα, pβ),H (u, v))+A (O( pβ, pα),O( pβ, pα), . . . ,O( pβ, pα),H (v, u))

≤ pθmax{D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (u, v)),
D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (O( pα, pβ),O( pβ, pα))),
D((u, v), (u, v), ..., (u, v), (H (u, v),H (v, u))),

D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (H (u, v),H (v, u))),

D((u, v), (u, v), ..., (u, v), (O( pα, pβ),O( pβ, pα)))}
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for all pα, pβ, u, v ∈ M with pα ≤ u and pβ ≥ v,

(iii) X has the following properties

(a). if { pασ} is an increasing sequence with pασ → pα, then pασ ≤ pα for all σ ∈ N,
(b). if { pβσ} is a decreasing sequence with pβσ → pβ, then pβ ≤ pβσ for all σ ∈ N.
Then f and g have coupled common fixed points in M .

Proof. Suppose M satisfies (a) and (b), by 3 we get pασ ≤ pα and pβσ ≥ pβ for

all σ ∈ N. Applying lemmas 2.1 and 2.2, we have

D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (O( pα, pβ),O( pβ, pα)))
≤ b(n− 1)D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), ( pα2σ+2, pβ2σ+2)

+ b2D(( pα2σ+2, pβ2σ+2), ( pα2σ+2, pβ2σ+2), ..., ( pα2σ+2, pβ2σ+2), (O( pα, pβ),O( pβ, pα)))
= b(n− 1)D(( pα, pβ), ( pα, pβ), ...( pα, pβ), ( pα2σ+2, pβ2σ+2))

+ b2D((H ( pα2σ+1, pβ2σ+1),H ( pβ2σ+1, pα2σ+1)), (H ( pα2σ+1, pβ2σ+1),H ( pβ2σ+1, pα2σ+1)),

..., (H ( pα2σ+1, pβ2σ+1),H ( pβ2σ+1, pα2σ+1)), (O( pα, pβ),O( pβ, pα))).

Then

D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (O( pα, pβ),O( pβ, pα)))
≤ b(n− 1)[A ( pα, pα, ..., pα, pα2σ+2) + A ( pβ, pβ, ..., pβ, pβ2σ+2)]

+ b2A[H ( pα2σ+1, pβ2σ+1),H ( pα2σ+1, pβ2σ+1), ...,H ( pα2σ+1, pβ2σ+1),O( pα, pβ)]
+ b2A[H ( pβ2σ+1, pα2σ+1),H ( pβ2σ+1, pα2σ+1), ...,H ( pβ2σ+1, pα2σ+1),O( pβ, pα)].

(10)

By 1, we get

A ((H ( pα2σ+1, pβ2σ+1)), (H ( pα2σ+1, pβ2σ+1)), ..., (H ( pα2σ+1, pβ2σ+1), (O( pα, pβ))
+ A ((H ( pβ2σ+1, pα2σ+1)), (H ( pβ2σ+1, pα2σ+1)), ...(H ( pβ2σ+1, pα2σ+1), (O( pβ, pα))

≤ pθmax{D(( pα2σ+1, pβ2σ+1), ( pα2σ+1, pβ2σ+1), ..., ( pα2σ+1, pβ2σ+1), ( pα, pβ)),
D(( pα2σ+1, pβ2σ+1), ( pα2σ+1, pβ2σ+1), . . . , ( pα2σ+1, pβ2σ+1),

H (( pα2σ+1, pβ2σ+1),H (( pβ2σ+1, pα2σ+1)))),

D(( pα, pβ), ( pα, pβ), . . . , ( pα, pβ), (O( pα, pβ),O( pβ, pα))),
D(( pα2σ+1, pβ2σ+1), ( pα2σ+1, pβ2σ+1), . . . , ( pα2σ+1, pβ2σ+1), (O( pα, pβ),O( pβ, pα))),
D(( pα, pβ), ( pα, pβ), . . . , ( pα, pβ),H (( pα2σ+1, pβ2σ+1),H (( pβ2σ+1, pα2σ+1))))}

= pθmax{D(( pα2σ+1, pβ2σ+1), ( pα2σ+1, pβ2σ+1), . . . , ( pα2σ+1, pβ2σ+1), ( pα, pβ)),
D(( pα2σ+1, pβ2σ+1), ( pα2σ+1, pβ2σ+1), . . . , ( pα2σ+1, pβ2σ+1), ( pα2σ+2, pβ2σ+2)),

D(( pα, pβ), ( pα, pβ), . . . , ( pα, pβ), (O( pα, pβ),O( pβ, pα))),
D(( pα2σ+1, pβ2σ+1), ( pα2σ+1, pβ2σ+1), . . . , ( pα2σ+1, pβ2σ+1), (O( pα, pβ),O( pβ, pα))),
D(( pα, pβ), ( pα, pβ), . . . , ( pα, pβ), ( pα2σ+2, pβ2σ+2))}.
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From 8 and 9

D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (O( pα, pβ),O( pβ, pα)))
≤ b(n− 1)[(A ( pα, pα, ..., pα, pα2σ+2) + A ( pβ, pβ, . . . , pβ, pβ2σ+2))]

+ b2 pθmax{D(( pα2σ+1, pβ2σ+1), ( pα2σ+1, pβ2σ+1), ..., ( pα2σ+1, pβ2σ+1), ( pα, pβ)),
D(( pα2σ+1, pβ2σ+1), ( pα2σ+1, pβ2σ+1), ..., ( pα2σ+1, pβ2σ+1), ( pα2σ+2, pβ2σ+2)),

D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (O( pα, pβ),O( pβ, pα))),
D(( pα2σ+1, pβ2σ+1), ( pα2σ+1, pβ2σ+1), ..., ( pα2σ+1, pβ2σ+1), (O( pα, pβ),O( pβ, pα))),
D(( pα, pβ), ( pα, pβ), . . . , ( pα, pβ), ( pα2σ+2, pβ2σ+2))}

Taking the limit as σ → ∞ in 10, we obtain

D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (O( pα, pβ),O( pβ, pα)))
≤ b(n− 1)[A ( pα, pα, ..., pα, pα) + A ( pβ, pβ, ..., pβ, pβ)]

+ b2 pθmax{D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), ( pα, pβ)), D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), ( pα, pβ)),
D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (O( pα, pβ),O( pβ, pα))),
D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (O( pα, pβ),O( pβ, pα))),
D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), ( pα, pβ))}

= b2 pθ D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (O( pα, pβ),O( pβ, pα))).

Since b2 pθ < 1, we have

D(( pα, pβ), ( pα, pβ), ...( pα, pβ), (O( pα, pβ),O( pβ, pα))) = 0.

So, (O( pα, pβ),O( pβ, pα)) = ( pα, pβ). That is, O( pα, pβ) = x and O( pβ, pα) = y. There-

fore ( pα, pβ) is a coupled fixed point of O. Similarly, we can show that H ( pα, pβ) = x

and H ( pβ, pα) = y. Hence O( pα, pβ) = x = H ( pα, pβ) and O( pβ, pα) = y = H ( pβ, pα).
Thus ( pα, pβ) is a coupled common fixed point of O and H . □

Theorem 3.3. Suppose that Theorem 3.1 satisfied, if further { pαn} is an increas-

ing sequence with pαn → pα and pαn ≤ u for each n, then pα ≤ u. Then f and g have a

unique coupled common fixed points. Further more, any fixed point of O is a fixed

point of H , and conversely.

Proof. Suppose the given condition holds. Let ( pα, pβ) and (u, v) ∈ M × M ,

there exist ( pα∗, pβ∗) ∈ M × M , that is, comparable to ( pα, pβ) and (u, v). Then

D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (u, v)) = A ( pα, pα, ..., pα, u) + A ( pβ, pβ, ... pβ, u)
= A (O( pα, pβ),O( pα, pβ), ...,O( pα, pβ),H (u, v)) + A (O( pβ, pα),O( pβ, pα), ...,O( pβ, pα),H (v, u))
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≤ pθmax{D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (u, v)),
D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (O( pα, pβ),O( pβ, pα))),
D((u, v), (u, v), ..., (u, v), (H (u, v),H (v, u))),

D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (H (u, v),H (v, u))),

D((u, v), (u, v), ..., (u, v), (O( pα, pβ),O( pβ, pα)))}
= pθmax{D(( pα, pβ), ( pα, pβ), ...( pα, pβ), (u, v)), D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), ( pα, pβ)),

D((u, v), (u, v), ..., (u, v), (u, v)), D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (u, v)),
D((u, v), (u, v), ..., (u, v), ( pα, pβ))}

= pθmax{D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (u, v)), D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (u, v)),
D((u, v), (u, v), ...(u, v), ( pα, pβ))}

≤ pθmax{D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (u, v)),
D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (u, v)),
bD(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (u, v))}

= pθbD(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (u, v))
Since pαb < 1, we have

D(( pα, pβ), ( pα, pβ), ...( pα, pβ), (u, v)) = 0.

So, ( pα, pβ) = (u, v). Hence, x = u and y = v. Suppose that ( pα, pβ) and ( pα∗, pβ∗)

are the coupled common fixed points such that pα ≤ pα∗ and pβ ≥ pβ∗, then pα = pα∗

and pβ = pβ∗. Now, we have

D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), ( pα∗, pβ∗)) = A ( pα, pα, ..., pα, x∗) + A ( pβ, pβ, ..., pβ, pβ∗)

= A (O( pα, pβ),O( pα, pβ), ...,O( pα, pβ),H ( pα∗, pβ∗))

+ A (O( pβ, pα),O( pβ, pα), ...,O( pβ, pα),H ( pβ∗, x∗))

≤ pθmax{D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), ( pα∗, pβ∗)),

D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (O( pα, pβ),O( pβ, pα))),
D(( pα∗, pβ∗), ( pα∗, pβ∗), ..., ( pα∗, pβ∗), (H ( pα∗, pβ∗),H ( pβ∗, x∗))),

D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (H ( pα∗, pβ∗),H ( pβ∗, x∗))),

D(( pα∗, pβ∗), ( pα∗, pβ∗), ..., ( pα∗, pβ∗), (O( pα, pβ),O( pβ, pα)))}
= pθmax{D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), ( pα, pβ)),

D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), ( pα, pβ)), D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), ( pα∗, pβ∗)),

D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), ( pα∗, pβ∗)), D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), ( pα, pβ))}
≤ pθb D(( pα∗, pβ∗), ( pα∗, pβ∗), ..., ( pα∗, pβ∗), ( pα, pβ)).

Since pθb < 1,

D(( pα∗, pβ∗), ( pα∗, pβ∗), ..., ( pα∗, pβ∗), ( pα, pβ)) = 0.
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Thus, ( pα∗, pβ∗) = ( pα, pβ). Hence, pα = pα∗ and pβ = pβ∗.

We show that any fixed point of O is a fixed point of H , and conversely. That

is, to show that ( pα, pβ) is a fixed point of f if and only if ( pα, pβ) is a fixed point of

H . Suppose that ( pα, pβ) is a coupled fixed point of O.

D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (H ( pα, pβ),H ( pβ, pα)))
= A (O( pα, pβ),O( pα, pβ), ...,O( pα, pβ),H ( pα, pβ)) + A (O( pβ, pα),O( pβ, pα), ...O( pβ, pα),H ( pβ, pα))
≤ pθmax{D(( pα, pβ), ( pα, pβ), ...( pα, pβ), ( pα, pβ)), D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (O( pα, pβ),O( pβ, pα))),

D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (H ( pα, pβ),H ( pβ, pα))),
D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (H ( pα, pβ),H ( pβ, pα))),

D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (O( pα, pβ),O( pβ, pα)))}
= pθD(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (H ( pα, pβ),H ( pβ, pα)))
≤ pθb D((H ( pα, pβ),H ( pβ, pα)), (H ( pα, pβ),H ( pβ, pα)), . . . , (H ( pα, pβ),H ( pβ, pα)), ( pα, pβ))

Since pθb < 1, we have

D((H ( pα, pβ),H ( pβ, pα)), (H ( pα, pβ),H ( pβ, pα)), . . . , (H ( pα, pβ),H ( pβ, pα)), ( pα, pβ)) = 0.

So,

(H ( pα, pβ),H ( pβ, pα)) = ( pα, pβ).

Then

x = H ( pα, pβ) and y = H ( pβ, pα).

Therefore ( pα, pβ) is a coupled fixed point of H , and conversely. □

Let (R,≤,M ) be a partially ordered complete Ab-metric space with Ab-metric

with index n, defined on X = [0,+∞) as Ab : X
n → [0,+∞) by

Ab( pα1, pα2, . . . , pαn−1, pαn) =
n∑

i=1

∑
i<j

| pαi − pαj|2

for all pαi ∈ M , i = 1, 2, . . . , n. Then (M ,Ab) is an Ab-metric space with b = 2. Let

f : R → R be a mapping defined by

O( pα, pβ) = p pα + q pβ + n− 2, (p− 1)2 − q2 = 0.
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Let pα0 = 0 and pβ0 = 0. Thus pα0 = 0 ≤ O(0, 0) = O( pα0, pβ0), O( pβ0, pα0) =

O(0, 0) ≤ 0 = pβ0. Then the pair (f, f) has mixed weakly monotone property on R

A (O( pα, pβ),O( pα, pβ), ...O( pα, pβ),O(u, v)) + A (O( pβ, pα),O( pβ, pα), ...O( pβ, pα),O(v, u))

= |O( pα, pβ)− O(u, v)|2 + |O( pβ, pα)− O(v, u)|2

= |p pα + q pβ + n− 2− (pu+ qv + n− 2)|2

+ |P pβ + q pα + n− 2− (pv + qu+ n− 2)|2

= |p( pα− u) + q( pβ − v)|2 + |p( pβ − v) + q( pα− u)|2

= |p|2 | pα− u|2 + |q|2 | pβ − v|2 + |p|2 | pβ − v|2 + |q|2 | pα− u|2

≤ (|p|2 + |q|2)(| pα− u|2) + (|p|2 + |q|2)(| pβ − v|2)

= (|p|2 + |q|2)(| pα− u|2 + | pβ − v|2)

= (|p|2 + |q|2) D(( pα, pβ), ( pα, pβ), . . . , ., ( pα, pβ), (u, v))

≤ (|p|2 + |q|2) max{D(( pα, pβ), ( pα, pβ), ...( pα, pβ), (u, v)),
D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (O( pα, pβ),O( pβ, pα))),
D((u, v), (u, v), ..., (u, v), (O(u, v),O(v, u))),

D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (O(u, v),O(v, u))),

D((u, v), (u, v), ..., (u, v), (O( pα, pβ),O( pβ, pα)))}.

Put n = 2 and b = 2. Since pθb((n − 1) + b) < 1 =⇒ pθ < 1
3
. Then the

contractive condition 1 is satisfied with pθ = |p|2 + |q|2 < 1
3
. Choose a and b such

that a = 1
18
, b = 1

45
. Then pθ = |p|2 + |q|2 = 1

18

2
+ 1

45

2
= 0.00358 < 1

3
, and more over

(0, 0) is the unique coupled fixed point of O.

Example 3.1. Let (R,≤,M ) be a partially ordered complete Ab-metric space

with Ab-metric with index n, defined on X = [0,∞) as Ab : Xn → [0,∞) by

Ab( pα1, pα2, . . . , pαn−1, pαn) =
n∑

i=1

∑
i<j

| pαi − pαj|2, for all pαi ∈ M , i = 1, 2, . . . , n. Then

(M ,Ab) is an Ab-metric space with b=2.

Let f, g : R → R be two maps defined by O( pα, pβ) = 4 pα−2 pβ+48n−2

48n
and H ( pα, pβ) =

6 pα−3 pβ+72n−3

72n
. Then the pair (O,H ) has mixed weakly monotone property on R
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A (O( pα, pβ),O( pα, pβ), ...O( pα, pβ),H (u, v)) + A (O( pβ, pα),O( pβ, pα), ...O( pβ, pα),H (v, u))

= [O( pα, pβ)− H (u, v)]2 + [O( pβ, pα)− H (v, u)]2

=

[∣∣∣∣4 pα− 2 pβ + 48n− 2

48n
− 6u− 3v + 72n− 3

72n

∣∣∣∣2
]

+

[∣∣∣∣4 pβ − 2 pα + 48n− 2

48n
− 6v − 3u+ 72n− 3

72n

∣∣∣∣2
]

=
1

(24n)2
[|2( pα− u)− ( pβ − v)|2 + |2( pβ − v)− ( pα− u)|2]

≤ 1

(24n)2
[9 | pα− u|2 + 9 | pβ − v|2]

≤ 3

24n
[| pα− u|2 + | pβ − v|2]

=
3

24n
D(( pα, pβ), ( pα, pβ), . . . , ( pα, pβ), (u, v))

≤ (3)

24n
max{D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (u, v)),

D(( pα, pβ), ( pα, pβ), ...( pα, pβ), (O( pα, pβ),O( pβ, pα))),
D((u, v), (u, v), ..., (u, v), (H (u, v),H (v, u))),

D(( pα, pβ), ( pα, pβ), ..., ( pα, pβ), (H (u, v),H (v, u))),

D((u, v), (u, v), ..., (u, v), (O( pα, pβ),O( pβ, pα)))}
For n = 2 and b=2, since pαb((n−1)+ b) < 1 =⇒ pα < 1

3
. Then the contractive

condition 1 is satisfied with pθ = 1
16

< 1
3
, and also (1,1) is the unique coupled common

fixed point of O and H .

Corollary 3.4. Let (M ,≤,M ) be a partially ordered complete Ab-metric space

and f : X2 → M such that

(i) f has mixed weakly monotone property on M and there exist pα0, pβ0 ∈ M such

that pα0 ≤ O( pα0, pβ0),O( pβ0, pα0) ≤ pβ0,

(ii) there is an pθ, such that pθ < 1 and

A (O( pα, pβ),O( pα, pβ), . . . ,O( pα, pβ),O(u, v)) + A (O( pβ, pα),O( pβ, pα), . . . ,O( pβ, pα),O(v, u))

≤ pθ{D(( pα, pβ), ( pα, pβ), ...( pα, pβ), (u, v))}
(11)

for all pα, pβ, u, v ∈ M with pα ≤ u and pβ ≥ v.

(iii) f is continuous or X has the following properties.

(a) if { pασ} is an increasing sequence with pασ → pα, then pασ ≤ pα for all σ ∈ N,
(b) if { pβσ} is a decreasing sequence with pβσ → pβ, then pβ ≤ pβσ for all σ ∈ N.

Then f has a coupled fixed point in M .
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4. Application to Volterra type integral equations

Volterra integral equations are quite in numerous research disciplines, including

migration patterns, infectious transmission, and non-linear propagations. Volterra

continued to work on integral equations early 1884, but it wasn’t until 1896 that

he focussed on them seriously. Du Bois-Reymond came up with the term ”integral

equation” in 1888. Lalesco, on the other hand, proposed the phrase Volterra integral

equation around 1908. The study and utilization of ordinary differential equations

are familiar among most mathematicians, physicists, and several other researchers.

The authors were able to apply their expertise of ordinary differential equations to

the theoretical and practical of further common challenges by using Volterra integral

and operational nonlinear systems in almost the same framework.

Consider the following system of integral equations:

u(Λ) = q(Λ) +

∫ b

a

λ(Λ, χ)(O1(χ, u(χ)) + O2(χ, v(χ)))dχ

v(Λ) = q(Λ) +

∫ b

a

λ(Λ, χ)(O1(χ, v(χ)) + O2(χ, u(χ)))dχ

(12)

where the space M = C([a, b],R) of continuous functions defined in [a, b]. Obviously,

the space with the metric is given by

A (u, u, , . . . , u, v) = |u(Λ)− v(Λ)|2 , u, v ∈ C([a, b],R)

is a complete metric space. Let M = C([a, b],R) the natural partial order relation,

that is, u, v ∈ C([a, b],R), u ≤ v if and only if u(Λ) ≤ v(Λ), t ∈ [a, b].

Theorem 4.1. Consider the Corollary 3.4 and assume that the following con-

ditions are hold:

(i) O1,O2 : [a, b]× R → R are continuous;

(ii) q : [a, b] → R is continuous;

(iii) λ : [a, b]× R → [0,∞) is continuous;

(iv) there exist c > 0 and 0 ≤ pθ < 1, such that for all u, v ∈ R, v ≥ u,

0 ≤ O1(χ, v)− O1(χ, u) ≤ c pθ(v − u)

0 ≤ O2(χ, v)− O2(χ, u) ≤ c pθ(v − u);

(v) assume that c
∫ b

a
λ(Λ, χ)dχ ≤ 1;

(vi) there exist pα0, pβ0 ∈ M such that

pα0(Λ) ≥ q(Λ) +

∫ b

a

λ(Λ, χ)(O(χ, pα0(χ)) + H (χ, pβ0(χ)))dχ

pβ0(Λ) ≤ q(Λ) +

∫ b

a

λ(Λ, χ)(O(χ, pβ0(χ)) + H (χ, pα0(χ)))dχ.
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Then the system of integral equation 12 has a unique solution in M × M with

M = C([a, b],R).

Proof. Define the mapping F : M × M → M by

F (u, v)(Λ) = q(Λ) +

∫ b

a

λ(Λ, χ)(O1(χ, u(χ)) + O2(χ, v(χ)))dχ (13)

for all u, v ∈ M and t ∈ [a, b]. Now we have to show that all the conditions of

Corollary 3.4 are satisfied. From (iv) of the Theorem 4.1, clearly F has mixed

monotone property. For pα, pβ, u, v ∈ M with pα ≥ u and pβ ≤ v, we have

A (F ( pα, pβ),F ( pα, pβ), . . . ,F ( pα, pβ),F (u, v)) + A (F ( pβ, pα),F ( pβ, pα), . . . , .,F ( pβ, pα),F (v, u))

= |F ( pα, pβ)(Λ)− F (u, v)(Λ)|2 + |F ( pβ, pα)(Λ)− F (v, u)(Λ)|2

=

∣∣∣∣∫ b

a

λ(Λ, χ)(O1(χ, pα(χ)) + O2(χ, y(χ)))dχ−
∫ b

a

λ(Λ, χ)(O1(χ, u(χ)) + O2(χ, v(χ)))
2dχ

∣∣∣∣2
+

∣∣∣∣∫ b

a

λ(Λ, χ)(O1(χ, y(χ)) + O2(χ, pα(χ)))dχ−
∫ b

a

λ(Λ, χ)(O1(χ, v(χ)) + O2(χ, u(χ)))dχ

∣∣∣∣2
≤

(∫ b

a

|O1(χ, pα(χ))− O1(χ, u(χ))|2
∣∣λ2(Λ, χ)

∣∣ dχ
+

∫ b

a

|O2(χ, y(χ))− O2(χ, v(χ))|2
∣∣λ2(Λ, χ)

∣∣ dχ
+

∫ b

a

|O1(χ, y(χ))− O1(χ, v(χ))|2
∣∣λ2(Λ, χ)

∣∣ dχ+∫ b

a

|O2(χ, pα(χ))− O2(χ, u(χ))|2
∣∣λ2(Λ, χ)

∣∣ dχ)
≤ c2 pα2

(∫ b

a

| pα(χ)− u(χ)|2
∣∣λ2(Λ, χ)

∣∣ dχ+

∫ b

a

|y(χ)− v(χ)|2
∣∣λ2(Λ, χ)

∣∣ dχ
+

∫ b

a

|y(χ)− v(χ)|2
∣∣λ2(Λ, χ)

∣∣ dχ+

∫ b

a

| pα(χ)− v(χ)|2
∣∣λ2(Λ, χ)

∣∣ dχ)

≤
(
| pα(Λ)− u(Λ)|2 + |y(Λ)− v(Λ)|2

+ |y(Λ)− v(Λ)|2 + | pα(Λ)− u(Λ)|2
)

c2 pθ
∫ b

a

∣∣λ2(Λ, χ)
∣∣ dχ

≤ 2

(
| pα(Λ)− u(Λ)|2 + |y(Λ)− v(Λ)|2

)
c2 pθ

∫ b

a

∣∣λ2(Λ, χ)
∣∣ dχ

≤ 2 pθ (A ( pα, x, ..., pα, u) + A ( pβ, y, ..., pβ, v))
= 2 pθ D(( pα, pβ), ( pα, pβ), . . . , ( pα, pβ), (u, v))
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Therefore

A (F ( pα, pβ),F ( pα, pβ), . . . ,F ( pα, pβ),F (u, v))

+ A (F ( pβ, pα),F ( pβ, pα), . . . ,F ( pβ, pα),F (v, u))

≤ 2 pθD(( pα, pβ), ( pα, pβ), . . . , ( pα, pβ), (u, v))

hence pθ < 1
2
< 1, which is the contractive condition in Corollary 3.4. Thus, F

has a coupled fixed point in M . That is, the system of integral equations has a

solution. □

Acknowledgment

The first author (K. Ravibabu) is grateful to

(i) The editor and referees for their valuable suggestions and critical remarks for

improving the presentation of this paper.

(ii) The authorities of G.M.R Institute of Technology, Rajam for providing necessary

facilities to carry on this research and

(iii) JNT University, Kakinada for granting the necessary permissions to carry on

this research.

References

[1] A. Aghajani, M. Abbas and E. Pourhadi Kallehbasti, Coupled fixed point theorems in partially

ordered metric spaces and application, Math. Commun., 17(2012), 497-509.

[2] M.Abbas,B.Ali and Y.I.Suleiman, Generalized coupled common fixed point results in partially

ordered A-metric spaces, Fixed Point Theory Appl., 2015(2015), 24 pages.

[3] T. Abeljawad, K. Abodayeh and N. M. Mlaiki, On fixed point generalizations to partial b-

metric spaces, J. Comput. Anal. Appl., 19(2015), 883-891.

[4] I. A. Bakhtin, The contraction mapping principle in almost metric space, (Russian) Functional

analysis, Ulyanovsk.Gos. Ped. Inst., Ulyanovsk, (1989), 26-37.

[5] J. Banas and D. O’Regan, On existence and local attractivity of solutions of a quadratic

Volterra integral equation of fractional order, J. Math. Anal. Appl., 345(2008), 573-582.

[6] T. Gnana Bhaskar and V. Lakshmikantham, Fixed point theorems in partially ordered metric

spaces and applications, Nonlinear Anal., 65(2006), 1379-1393.

[7] M. E. Gordji, E. Akbar Tatar, Y. J. Cho and M. Ramezani, Coupled common fixed point

theorems for mixed weakly monotone mappings in partially ordered metric spaces, Fixed Point

Theory Appl., 95(2012), 12 pages.

[8] N. Hussain and Z.D. Mitrovic, On multi valued weak quasi-contractions in b-metric spaces, J.

Nonlinear. Sci. Appl., 10(2017), 3815-3823.

[9] J. G. Mehta and M. L. Joshi, On coupled fixed point theorem in partially ordered complete

metric spaces, Int. J. Pure Appl. Sci. Technol., 1 (2010), 87-92.

[10] N. Mlaiki and Y.Rohen, Some coupled fixed point theorem in partially ordered Ab-metric spaces,

J. Nonlinear. Sci. Appl., 10(2017), 1731-1743.

[11] K. Ravibabu, Ch. Srinivasarao and Ch. Ragavendra Naidu, Coupled Fixed point and coinci-

dence point theorems for generalized contractions in metric spaces with a partial order, Ital.

J. Pure Appl. Math., 39(2018), 434-450.



COUPLED FIXED POINT RESULTS PERTINENT TO Ab-METRIC SPACES 83

[12] M. Ughade, D. Turkoglu, S. R. Singh and R. D. Daheriya, Some fixed point theorems in

Ab-metric space, Br. J. Math. Comput. Sci., 19(2016), 1-24.

Department of Mathematics, G.M.R.I.T, Rajam, Srikakulam-532 127, India

Email address: ravibabu.k@gmrit.edu.in

Department of Mathematics, Andhra University, Visakhapatnam-530 001, India

Email address: drcsr41@yahoo.com

Department of Mathematics, Govt. Degree College, Palakonda, Srikakulam-

532 440, India

Email address: ch.rvnaidu@gmail.com,

Received : January 2022

Accepted : March 2022


	1. Introduction
	2. Preliminaries
	3. Main Results
	4. Application to Volterra type integral equations
	Acknowledgment
	References

