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A novel coupled fixed point results pertinent to
,-metric spaces with application to integral
equations

Konchada Ravibabu*, Chindirala Srinivasa Rao, and Chappa Raghavendra Naidu

ABSTRACT. We prove the existence and uniqueness of coupled common fixed point
results in partially ordered .«7,-metric spaces in the present study. In addition to
the acquired results, examples and applications are provided.

1. Introduction

Adopting fixed point strategy to solve fractional differentials, integral equations,
and boundary problems is often a nightmare. It is because we must deal with
not just a high number of contradictions, but also their non-static nature. In re-
cent times, scholars have become interested in fixed point theory (simply, FPT),
which was first proposed by a Polish mathematician. Real-world challenges include
ground water flow problems, fractional advection dispersion equations, spatial fre-
quency diffusion equation models, lumped parameter models, linguistic factors, and
metaphysics. Quasi geometry, crystallisation theory, and coding analytics all benefit
from FPT. It has a wide range of applications in medical innovation, biomechanics,
and algorithms.

The idea of metric spaces is a broad concept that underpins many fields of math-
ematics, including topological structures, complex concepts, etc. Many fascinating
generalisations (or adaptations) of the metric space idea have proposed over the
years (see for example 2.4-2.6). The concept of a b-metric was first suggested by
[.A.Bakhtin [4]. M.Abbas et al. [2] recently developed the idea of n-tuple metric
space and investigated its topological features. As an extensive sense of n-tuple
metric space, M.Ughade et al. [12] proposed the concept of %-metric spaces. In
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partially ordered @4-metric spaces, N.Mlaiki et al. [10] obtained unique coupled
common fixed point theorems.

We prove various unique coupled common fixed point theorems in partially or-
dered @7,-metric space using the preceding facts, as well as we present examples and
applications to demonstrate our results.

We'll need some basic definitions, results, and examples from the literature before
we can prove the main results.

2. Preliminaries

Definition 2.1. ( [2]). Let .# be a non empty set and (> 2) be a positive
integer. A function o : .#7 — [0, 00) is called an «/-metric on .#, if for any a;, a
eM;i=1,2,...,7, the following conditions hold.

(1) (o, @g, ..., 0q_1, 0y) > 0,

(1) (@1, @2, @1, 00) =0 if and only if &g = @2 = - = @y 1 = @y,
(110) e (o1, @, .. @y, @) < [ (@, 0, o, a) + 9 (0, @, 0 a)
4+ o+ Qf(d)é»y_h Qy—1, .-, a’y—l(w—n’a)
+ A (0, @y . . Qs a)).

The pair (#, /) is called an &7-metric space.

Definition 2.2. ([6]). Let .# be a non empty set. @%-metric on . is a function
d: #*— [0,00) such that the following conditions hold for all a, 8, u € .
() d(a, 8) =0 <= a=§,
(i) d(a, f) = d(f, ),
(i) there exists s > 1, such that d(a, u) < s[d(a, B) + d(8, p)].
The pair (., d) is called a b-metric space.

Definition 2.3. ([12]). Let .# be a non empty set and n > 2. Suppose b > 1
is a real number. A function <, : #™ — [0, 00) is called an 7, -metric on ., if for
any ao;,a € A ,i=1,2,..., 7, the following conditions hold.

(’L) %(al, o, ..., Oy_1, dlry) > 0,

(17) (@1, @, .., 001, @y) =0ifand only if oy = e = -+ = @y = @,
(ii1) oy, g, .oy @y, @) < bldy(evy, @y, ... ,al(w_l),a)
+ (g, @2, ..., @, @)
SRR o7 (LT L VS P VS VY )
+ Gy (@, @y s @)

The pair (A, o) is called an @7-metric space.

The metric space o, seems to be more versatile than the metric space 7. Like-
wise, mathscrAy-metric space with b = 1 is an unique circumstance of .o%-metric
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space. We observe because b-metric space and Sy-metric space with n = 2 and 3, re-
spectively, are particular case of of,-metric space. Usual metric space and S-metric
space are indeed particular variants of .of,-metric space, with b=1 and v = 2 and 3
correspondingly.

In this scenario, 7 is called the index of .47,

Example 2.4. ([12]). Let .# = [0,00) and v > 2. Define o, : 47 — [0, 00) by
gl
(0, @9, ... 0y, 0y) = ZZ\%—(D@P, for all ; € A, 1 =1,2,...,7. Then

i=1i<j
(M , ot) is an of-metric space with b = 2.
Example 2.5. ([12]). Let .# =R and y > 2. Define <, : #"7 — [0,00) by

Y

(g, @, ..., @y, @) :Z]ai v—1) al\ —i—zmZ v —2) <Dz2| +

=2

.+ Z | — 3, _s|” + Z | — 20,5

i=y—2 i=y—1
2
+ |dl7 - ‘D‘W—1| )
forall ; € #,1=1,2,...,~v. Then (A, o) is an o-metric space with b = 2.

Example 2.6. ([10]). Let .# = [0,00) and v > 2. Define <, : 47 — [0, 00)
by (e, ..., 01, @) = | —max(ag,ag,...,a7)|2, for all &; € A, 1 =
1,2,...,v. Then (#, %) is an of-metric space on . with b = 2, and it is not
difficult to see that (., .<) is not an A-metric space on ..

Lemma 2.1. ([12]). Let (A, <) be o4, metric space, so that A : .#7 — [0, 00)
for some v > 2. Then Ao, a,...,a, B) < bl (6,8,...,08,a), for all a, B € A
—— —

(y—1)times (y—1)times

Lemma 2.2. ([12]). Let (A, ) be <, metric space, so that o/ : #" — [0, 00)
for some v > 2.
Then o (a, @, ... e ;) < (v — )b (e, v, ..., 00, B) + V2 (B, 8,...,0,n), for all
N —— N —— ————

(y—1)times (y—1)times (y—1)times

o, B, u € A.

Lemma 2.3. ([12]). Let (M, <) be <h-metric space. Then (M?, Da) is -
metric space on M X M with Dy defined by

DA((dyla/Bl)7 (&27ﬂ32)’ sy (@’yvﬁg'y» = JZ{(‘1)417‘])[27 s 7a’y) + %0817/627 s aﬁy)? fO’f’ all
‘])éiafﬁie'%; iajzlvza"'7’7'

Definition 2.7. . Let (#, /) be “h-metric space. A sequence {ay} in .4
is said to converge to a point & € A, if o (e, w,..., 09, &) — 0 as § — oo.
—_———

(n—1)times
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That is, to each € > 0 there exist N € N such that for all k& > N, we have
o (g, vy, . .., g, ) < & and we write lim ey = av.
N———’ 0— o0
(n—1)times

Note: a is called the limit of the sequence {ay}

Lemma 2.4. ([10]).Let (A, <) be of,-metric space. If the sequence {ay} in A
converges to a point a, then the limit o is unique.

Definition 2.8. . Let (.#, <) be oj-metric space. A sequence {ap} in A4
is called a Cauchy sequence, if o (@, @y, ..., 0y, ®,) — 0 as o,m — oo. That
—_————
(y—1)times
is, to each ¢ > 0, there exists N € N such that for all o,,m > N, we have
Ay, gy oy @y, try,) < €.
—_————

(y=1)times

Lemma 2.5. ([10]). FEvery convergent sequence in a h-metric space is a
Cauchy sequence.

Definition 2.9. A /-metric space (#,</) is said to be complete, if every
Cauchy sequence in .# is convergent.

Definition 2.10. ([7]). Let (#,<) be a partially ordered set and &, :
M X M — A be mappings. We say that (€, ) has the mixed weakly monotone
property on ., if for any e, 8 € A, o < O(av, B), 8> O(B,«). Then

Oa,p) < (O, B),0(B, ), OB, 0) 2 (08, ), 0(ax, B))
and & < (v, B), B > (6, ) implies that
(o, 8) < O(H (e, ), (B, 0)), H(B,00) 2 O(H(B, ), 7 (x, B)).

Definition 2.11. Let .# be a non-empty set and &, : M4 x M — H be
maps on A4 X M .
(1) A point (v, B) € M x M is called a coupled fixed pint of 0, if @« = O(a, §) and
8=10(8a).
(17) A point (@, ) € A x A is said to be a common coupled fixed pint of & and 7,
if o =0(ev, B) = (v, B) and B = O(6, ) = H(6, ).

Note: We write D for D4, when there is no confusion.

Note: (a, ) is said to be a Coupled coincidence point of & and S, if O (a, B) =
H (e, B) and O(B, ) = F(B, o).

We observe that a common coupled fixed pint of & and 77 is necessarily a Cou-
pled coincidence point of & and 7.
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3. Main Results

In this section, we generalize and extend the results of M. Abbas et al.[2] and
N.Mlaiki et al.[10] .
Before going to the main results we introduce the notion of cross product D =
), x o, and study its properties.

Suppose (A, <, /) is a partially ordered complete o7,-metric space. Define the
partial order " <" on .4 x M as follows: (o, ) = (u,v) if @« < w and § > v for
(v, B), (u,v) € A, then ” <" is partial order on .# x .#. Let n(> 2) be a positive
integer. Define D : (A4 x .#)" — [0,00) as follows

D((‘D‘h/ﬁ)l)v (@‘27/82)7 SRR ((Dzn,/ﬁ)n)) = M((Dél,@éQ, e .,(Dén) +’Q%(/817627 s 7/Bn)

Then from lemma 2.11, (# x .#,=,D) is a oj-metric space. Now we observe
the following:

(1) A sequence {(@,,8,)}in A x M — (o, ) <= {a,} — e and {6,} — 8.
Suppose that {(e,, 8,)} in A x # — (a, B). That is,

D((ay, B,), (05, B,)s- -, (@g, B,), (e, ) — 0 as 0 — 0.

Then
A (g, gy, @) + (B, By, .., 0,,8) = 0asoc— .
So
A (0, 0y .., g, ) — 0 as 0 — oo and H(6,,6,,...,6,,8) = 0 as g — oo.

Therefore {o,} — @ and {B,} — B. Conversely suppose that {a,} — « and
{B,} — B. Thatis, & (@, 0y, ..., 0, &) > 0asoc — coand (B, B,,...,H,,08) =
0 as 0 — oo. Then

A (O, gy O, @) + (B, By, .., B,,8) = 0as o — 0.

So,
D((ada /Ba)a (ada /60')7 ceey ((Déo-, /Bg), ((Dé, /B)) — Oas 0 — 00.

Therefore {(a,, 6,)} in A x M — (@, ).
(2) {(e, B,)} is a Cauchy sequence in A4 X # < {a,} and {6,} are Cauchy
sequence in .. Suppose that {(a,, £,)} is a Cauchy sequence in .# x .# . That is,

D((ey, 8,), (s, By), -, (@, B,), (@m, B,,)) = Oas o,m — 0.
Then
A (O Oy ooy Oy ) + A (B,,6,,..., 8,8, — O0as 0,m — oo.

Hence,
A (g, Oy« oy Qgy ) — 0as 0, M — 00
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and
A (B, Byy- -y By, B,y) — Oas o,m — 0.

Therefore {a,} and {f,} are Cauchy sequence in .#. Conversely suppose that
{a,} and {f,} are Cauchy sequence in .#. That is, & (@, @y, ..., 0y, @) — 0 as
o,m — oo and & (8,,0,,...,8,,8,,) = 0 as o,m — oco. This implies that

A (W, Wy ooy Wy ) + (B, Byy -, By, B) = 0as o, m — oo.
So,

D((eg, B,), (00, B5), - - (o, B,), (@m, B,,,)) = Oas o,m — o0,

Therefore {(a,, 8,)} is a Cauchy sequence in A4 x 4 .
(3) A is complete if and only if .# x .# is complete. Suppose {a,} and {8,}
are complete in .. That is, {e,} = @ and {6,} — 6. Thus,

A (g, Uy . .., 0, @) — 0as 0 — 00
and
A (B, 8y B, B) — 0as o — oo.
So,
A (O, Oy ooty ) + (B, 8,,...,8,,8) = 0as 0 — oo.
Then

D((ey, 8,), (g, By), -, (&, B,), (e, ) = Oas 0 — oc.
Thus {(e,, £,)} is complete in .# x .# . Conversely, suppose that {(e,, 8,)} is
complete in .#Z X 4. That is, {e,, 8,} — («, ). This implies that

D((ey, B8,), (g, By), -, (@, B,), (e, B)) = Oas o — oc.
So,
A (g, Wy, O, @) + (B, Byy. .., B,,8) = 0as o — oo.
Then
A (g, Uy . .., 0, @) — 0as 0 — 00

and
A (B, By, By B) — Oas o — oo.

Therefore {a,} — e and {f,} — B. Now we prove our first main result.

Theorem 3.1. Let (A, <,4/) be a partially ordered, complete o,-metric space
and O, - X?> — M be two maps such that
(i) the pair (O, 7€) has mized weakly monotone property on M and there exists
wg, By € M such that ag < O(av, By), OBy, o) < By or
oy < A (v, By), 7 (By, o) < By,
(ii) there is an a such that ab((n — 1) +b) <1 and

A (O, p), 0, B),...,0(w,B), 7 (u,v))+A (OB, ), OB, «),..., 0B, «),H (v,u))
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< @ max{D((e, B), (av, B), ...(av, B), (u, v)),

D((@, 8), (a, B), ...(ax, B), (O(av, B), O (8, ))),

D((u,v), (u,v), ..., (u,v), (H(u,v), 7 (v,u))), (1)
D((av, 8), (e, ), ...(ax, B), (H (u,v), 7 (v, 1)),

D((u,v), (u,v), ..., (u,v), (O(a, B), O(8,m)))}

for all o, B,u,v € A with o < u and B > v,
(i) either O or F is continuous.
Then O and 7 have a coupled common fixed point in A .

PROOF. Let (@, B,) be a given point in .# x .4, satistying (i). Write ey =
ﬁ(a07/80>7/81 = ﬁ(ﬁ(ha()); Qg = <%(dl/la /81)7/62 = %(/Bla @1)- Define the sequences
{a,} and {6,} inductively

Qgy1 = ﬁ(aavﬁ0)7 /Bo-+1 = ﬁ(/@07aa)
Qgyo = <%ﬂ(@éa—l—la/60--1-1)7 /130'—‘,—2 = <}f(/ﬁo‘—‘,—h(D{U"!‘l)

for all 0 € N. Since oy < O(av, By), By > OBy, &) and since (&, ) has the
mixed weakly monotone property, we have

(2)

o1 = 0w, By) < H(O(ao, By), O(By, ) = H (a1, 1) = @2 = o < @y
and

oy = A (o, B,) < O(H (o1, 8,), H(By, 1)) = Oz, ) = 3 = 2 < a3
also

By = OBy, @) > H(O(By, o), O(a, By)) = (81, 1) = By = B; > B,
and

By = OBy, 1) > O(H(By, 00), H (01, ) = OBy, @2) = B3 = By > B3

By induction,

r.e, g < vy < g <Ll Sy S ppq < e
Bo = 612 Baeeee Z B, 2 Brpq 2,

for all o € N. Now we show that these sequences are Cauchy. Define D, : A4 x . # —
M by

(3)

D, = D((@Ua /60)7 (‘D‘o? /Ba)7 S (‘D‘m /Ba)v ((Déngl, ﬁa—&-l))
= %<@507 Qg ..., Qg, @UJrl) + d(ﬁm /Bm e 7/607 /Bo+1>
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for all &;, 8, € A ,i,7 =1,2,..n. Now

Dagy1 = & (€201, 25115+ -+ Q2415 @2012) + L (Bogi1s Bogits - - s Bagi1s Bogio)
= A (O(025, Ba,); O (025, Byy)..- O (@20, Boy), (02541, /320+1))
+ . (O (Byy, Mag), OBy, ag)...0 (o, 0tas), c%ﬂ</620+1v ®2541))
< §max{D((e20, Ba,); (@20, Bay ) (@20, Bay ), (@201, Bogi1)),
D((@20, Bay)s (@205 Boy ) (@20, Bay ), (O (@20, Boy ) O(Bay, o)),
D((ov2p41, /1320+1>7 (2541, /32g+1)a (@241, /6204-1)7
(A (02541, /320+1)7 %</B2a+17 ®2511))),
D((@20, Ba5), (@20, Ba5), (@20, B25),
(%(@20+1,ﬁ20+1)7%(ﬁ320+17 ®2511))),

D((a20+17 /620-+1)7 (@520—1-17 /820+1)’ "'(a20+17 /620'+1)7

(O( @20, 895), O (B, 25))) }

From 2,

Daogi1 < 0 max{D((eas, By, ), (®20, Bay ) (@20, Bog ), (2541, /82a+1))a
D((@20, B35), (@20; Bag), (@20, Ba5 ), (2041, Basy1));
D((e2041, /320+1)a (@201, /62a+1)7 (g1, /1320+1)a (@202, /320+2))> (4)
D((@20, Ba5), (0205 Bag), (020, Bag), (@20+2, Brg12)),
(( (

D((@2g41, /620—-1-1)7 (@42a+1; /Bzg+1)7 e\ ooy 1, /820—4-1); <@2a+17 /62(;+1))}

=0 mam{D((@Qm /620)7 (‘Dé?crv /820)7 ...((1)(20—, 620)7 (a20+17 /820+1>>7
D((‘D‘?Gv /620>7 (0‘207 620)7 ..-(@20, /820>7 <@20+17 /B2a+1))7
D<<@52a+17 /82g+1>7 (@520+17 /620'—‘,—1)7 "'<@20+17 /B2U+1>7 (a20+27 /820'-1—2))7

D<<@5207 /820>7 (@5207 /620')7 "'((DQU; /620')7 (‘Dé20+27 /820+2))}
by lemma 2.2,

< 0 maz{D((®20, B2y ); (C20, Ba5), -+ (@20, Bay)s (@251, Bagy1)),

D((ev25, Ba5), (020, 825 ) -+ (0020, Ba ), (20415 B2541)),

D((e2041, /320+1)a (@201, /B2a+1)7 (g1, /320+1)a (@202, /32a+2))>

(n = 1)bD((@20, Bay)s (@20, Bao), (@20, Bag ) (€2041, Br41))

+0° D (03541, Baoi1)s (@20415 Bagi1)s - (@20415 Bagi)s (Q2012, Basin))
= 0{(n — Db[D((e20, Ba5), (@20, B25), (@20, By ), (@201, B2511))]

+ bQ[D((@QaH? Baoi1)s (@20415 Bagi)s - (@20+15 Bagin)s (R2012, Borin))]}
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- @{(TL - 1)b[fd(a2o‘7 o5y . ..y Mg, aQO’—‘rl) + d(ﬁ?ga /620'7 s 7/820-7 /B2o-+1)]

+ 62[%(@[204-1’ Qo415+ -+ O2541, a20+2) + ”Q{(/620+17 /620'+17 ce 7/620'+17 /620+2)]}
(5)

Similarly we get,

427(/820_4-17 /3204-17 e 7/820+17 /4820+2> + 527(<Déza+17 Wog41y -+ -y M2541, @20+2)
< 9{(71 - 1>b[427(/62m Bogs -y Bogs /320+1) + «527(@420, oGy - - -y Mg, @ézaﬂ)]
+ bz[%(ﬁ&f—i—l? /6204—17 s 7/620-{-17 /820—1—2) + ”Q{((DCQU-H? ®og i1y .-y 2541, ‘9520—&—2)]}

(6)
From 5 and 6 we have,
2D55 11 = 2[ (2541, Wag 11, - - - s Qg4 1, Mg y2) + A (Bogy1y Bagits- - s Bagi1s Bagio)]
< 26{(” - 1>b[%(@207 o5y - -+ 5 Mg, @20-1-1) + 427(/320, Bogs -+ s By /620+1)]
+ 02 [ (2041, @201, - - -y W20t 1, @2042) + F (Bogis Bogits - - - s Bogits Bagsa)]}
Therefore
Dogy1 < 0{(n — 1)b[ (€20, @25, - - -, W25, @5 11) +  (Bags Bags - - - s Bags Bagi1)]
+ 0 (2011, Wao i1, -+ s Wopg 1, Q20 10) +  (Bagyrs Booits -+ Baar1s Bagia)]}
(7)
This implies that
(1 = 0b*)Dyyyy < 0(n — 1)bDy,
and therefore
#(n—1)b
1 — 6b2

Put ¢ = el(fé;)b, then 0 < { < 1. From 8, we have

D2a+1 = Dy, (8)

D2U+1 S <D2a‘
Similarly, we can show that

Dogio < (Dagy1,
for 0 =0,1,2,.... Hence
Dy <(D,.
Therefore
Dyy1 < ¢ Dy, (9)
Define
Doy = D((@0, 6,), (0, B,), -, (e, B,), (e, 1))

i

~
(n—1)—times

:%<@507@07"'7@507al>+Q{</Baa/ﬁau"wﬁa7/ﬁl)
— —

(n—1)—times (n—1)—times
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Now we have to show that D,; is a Cauchy sequence. By Lemma 2.2, for all
o,m € N, ¢ <m, we have

Da—i—l,m—f—l = %(ao‘-i—la Coyl,-.. 5 Ooy, dym—i—l) + ”(Z{(/Bo-Jrlv /Bo-Jrla cee 7/Ba-+17 /Bm+1)
S b(n - 1)[%(@40—&-17 (02 PN L2 aa—‘rQ) + %(/80-—4-17 /Ba+17 s 7/80-1-1’ /60--1-2)]
+ b2[%<@0+2’ Wg42,y ..., Moy, @erl) + 42{(/804&7 /BaJrQa ce 7/Bo+2> /8m+1)]

= b<n - 1)DU+1 + b2b(n - 1)[%(@50+27 oy2,. .., W42, <D50+3)
+ ”Q{</8cr+2> /604-27 ce 7/804—27 /Bcf+3)]
+ b2b2[£{(a0+37 Qi3 ..., Q5y3, am-‘rl) + %(/Bo--&-[%? /BUJ,-S7 s 7/60--1-37 /Bm-i-l)]

:b(n — 1)D0—+1 + bg(n — 1)D0'+2 + b5(n — 1)D0'+3

+ P 0 = D] (e, - et @)
+ %(/Bmfl’ Bt s Brnas /Bm)]
+ P (0= 1) (@, @y gy V1)

+ %(ﬁm, ﬁm, - ,/Bm, /Bm+1>]

From 9,
Disiones < b — DIC71 4 G 4 1G5, 4 812
= Doiimir <b(n = D1+ 02¢C+ (070 + .. + (07Q) "+ V]Dy
=bn— 1M1 +604+6*+ ... +6m* YD
< b(n — 1)CUH(L)DO

Since 0 < ¢ < 1, we have

lim %(@07 Qg ... Qg ‘Dém) + Jy(/Bm /Bm ceey /Bov /Bm) =0.

0,m—00
That is
lim o (0, 0, ...0, @) = lim & (B,,6,,...,08,,08,) =0.
0,M—00 0,Mm—00

Therefore {a, } and {6,} are both Cauchy sequences in .#. By the completeness
of X, there exists o,y € # such that o, — e« and 8, — £ as 0 — co. Therefore
D,; is a Cauchy sequence.

Now we show that (a, £) is a coupled fixed point of & and 7. Without loss of
generality, we may suppose that & is continuous, we have

r=lim agyyq = lim O(wv,, By,) = O(lim ay,, lim £,,) = O(a, B)
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and
Y= 011_>H010 Boot1 = 011_{20 O(Bog, tr25) = ﬁ(o_h_{{)lo /6207011_{{)10 @) = O(B, @)
Thus (@, £) is a coupled fixed point of &. From 1, we have
A (o, o, ..., 0,5 (o, B))+ A (8,8,...,8,7(8,w))
= (0(w, ), 0(a, 8),...,0(a, 8), 7 (e, B))
A (OB, 0), 0B, ),...,0(8,«), (8, e)
< §max{D((e, f), (e, B), ...(ax, B), (e, B)),
D((e, 8), (e, 8), ... (e, B), (O(ev, B), O(8, 0))),
D((av, 8), (@, 8), ... (e, B), (H (e, B), (8, @))),
D((e, 8), (e, 8), ... (a, B), (H (e, B), 7 (8, ))),
D((e, B), (e, B), ... (e, B), (O(x, B), O(8, @)))}
= 0 max{0, D((a, 8), (e, ), ...(ex, B), (e, B)),
D((e, 8), (e, 8), ... (e, B), (H (e, B), 7 (8, ))),
D((@, 8), (e, B), ... (e, B), (A (v, B), (8, w))),
D((e, 8), (e, 8), ... (e, 8), (e, £)) }
= 0{D((e, 8), (e, B), ... (e, B), (S (e, B), (B, 2)))}
< (A (v, B), A (B, 0)), (A (e, B), (B, @), ..., (H (e, B), (B, 2)), (e
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,8)).

Since #b < 1, we have (€ (e, 8), (8, &)) = (@, £). This implies that 5 (a, 8) =
o« and (P, &) = B. Therefore (av, B) is a coupled fixed point of 7. Thus (a, ) is

a coupled common fixed point of & and 7.

O

Theorem 3.2. Let (A, <, #) be a partially ordered, complete <f,-metric space

and f,q: X* — 4 be two maps such that

(i) the pair (O,) has mized weakly monotone property on X and there exists

wg, By € A such that ag < O(av, By), OBy, o) < By or

oy < %(@0760)7%(/60’@0) < ﬁO;
(i) there is an @ such that @b((n — 1) +b) < 1 and

(00, B), Oa, B), ..., 0w, B), #(u,0)+(6(8,0), 6(8,a),. ..,

< fmax{D((e, B), (@, B), ..., (e, B), (v, v)),
D((e, B), (e, B), ..., (e, B), (O(av, ), O(B, @)
D((u, ), (u,0), ..., (u, 0), (H(u, v), (v, u)
D((a, 8), (a, ), ... (e, B), (H (u,v), A (v, u)
D((u, v), (w,0), ..., (u,0), (O(a, ), O(8,@)))}

),
),
),

o(f,a),

(v, u))
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for all a, B,u,v € A with w < u and B > v,

(iii) X has the following properties

(a). if {a,} is an increasing sequence with &, — av, then o, < o for all o € N,
(b). if {B,} is a decreasing sequence with 8, — B, then 8 < 8, for all o € N.
Then f and g have coupled common fized points in A .

PROOF. Suppose . satisfies (a) and (b), by 3 we get e, < av and £, > f for
all o0 € N. Applying lemmas 2.1 and 2.2, we have

D((e, 8), (o, ), ..., (e, 8), (O, 8), O(8, w)))
S b(” - 1)D(((D{, /B>’ ((Dé, 6)7 cey ((DZ, ﬁ)? (&20+2, /8204-2)

+ 0" D (02042, Br12), (02012, Brgy2): s (02042, Bag 12), (O(a, 8), O(8, )
=b(n—1)D((e, B), (v, B), ...(ev, B), (@2042, Bogia))

+ bQD((f%(‘D‘ZoHaﬁ20+1)7%(/32o+1>@2a+1))7 (%(@20+17ﬁ20+1)7%(620+17 M2541)),
o (H(@2011, Bog 1), A (Bog i1, @2011)), (O, B), O(8, a))).
Then
D((e, B), (e, B), ..., (e, B), (O(ax, B), O(8, 2)))
<b(n— 1) (e, a, @é’@ézaﬁ)+427(/Ba/87--~7/37/32o+2>]
+0°A [%(‘DQU—H:520—',-1)7%(@520—&-17/820—&—1)7 ooy H(02011, Bagi1): O (e, B)]
+ VPAH (Bogi1: @2011), H (Bog i1, @3051) ooy H(Bagi1s @aos1), OB, )]

(10)

By 1, we get

A (A (2011, B2541)), (H(@2041: Brg11))s oo (H(@2541, Bog i), (O(e, B))
+ A (A (Bags1s ®2041)), (F (Broi1, @2041))s - (H (Bogis 2o11), (O(B, @)

< O max{D((®2041, Bogi1)s (@2041; Booi1)s s (2041, Bagy1), (v, B)),

D((@20+1, Bag41)s (@2041, Bog41)s -5 (@201, Bag1),

T (2041, /620+1>v %«/8204»17 ®2541)))),

D((e, 8), (e, 8), ..., (@, B), (O(a, B), O(8, w))),

D((@@a—s-l» /62¢7+1)a (@420—%17 /620'+1)7 cee (‘D‘2a+1a /B2a+1): (ﬁ(@‘a /3), ﬁ(/ﬁ, ‘D‘)))a

D((a, B), (e, B), ..., (@, 8), 7 ((€20+1, Brg11): H ((Bagt1, ®2041)))) }
= O max{D((@201, /620—‘,-1)7 (@241, /820+1), ooy (@041, /320+1)’ (v, B)),

D((&20+1, /620--1,-1) (&20—+1, /620'4—1)7 CICEIE) ((1)[20—4_1, /620'—1—1)7 (@20+27 /820+2>>7

D((«, 8), (e, B),..., (e, B), (O(ax, B), O(8, @),
D((e2041, /B2a+1) (@42o+1> /320+1)7 ooy (@204, /820+1)7 (O(a, 8), 0(B,))),
D((ev, 8), (e, 8), ... (v, 8), (22042, 85 12)) }-
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From 8 and 9

D((e, ), (e, 8), ... (e, B), (O(ev, B), O(8, 2)))
<b(n — D[ (e, @, oo @, 02042) + (B, 8,..., B, Baria))]
+0%9 max{D((evg0 11, Bas1)s (2041, Bogin)s s (@2041, Bagi1)s (@, B)),
D (&2a+1,/320+1) (042a+17/520+1), e (@2a+17/325+1)> (@20+27/320+2)),
D((e, 8), (e, 8), ... (e, B), (O (v, B), O(8, 2))),
(2041, 520+1) (@541, /820+1>7 ooy (@241, /320+1)7 (O, B), OB, ))),
(e, ), (o, B), .., (v, B), (2012, B35 1))}

-

(
(
(
D(

Taking the limit as ¢ — oo in 10, we obtain
D((e, 8), (e, 8), ..., (e, B), (O (e, B), O(8, 2)))
<bn— D[ (e, e, .., 0, 00) + (8,6, ... 8, )]
+ 0?0 max{D((a, 8), (a, B), ..., (e, B), (e, ), D((ev, B), ( ,8), - (@, B), (e, B)),
D((e, ), (e, B), ..., (e, B), (O(e, B), O
D((e, ), (e, B), ..., (e, B), (O(ev, B), O
D((e, ), (e, B), ..., (e, B), (e, B))
=00 D((av, B). (e, B), ... (v, B), (O(av, B), O(8, w))).

(0%
a,

—

9

(
X
(
(

Since b%§ < 1, we have

D((ev, 8), (e, B), ...(ax, 8), (O(a, 8), O(8, @))) =

So, (O(w, B),0(8,a)) = (e, B). That is, O(a, 8) = x and (B, @) = y. There-
fore (e, B) is a coupled fixed point of &. Similarly, we can show that J7(a, ) = z
and (8,«) = y. Hence O(a, ) =z = H(a,p) and O(B,a) =y = H(B, a).
Thus (@, £) is a coupled common fixed point of & and JZ. O

Theorem 3.3. Suppose that Theorem 3.1 satisfied, if further {av,} is an increas-
g sequence with e, — o and a,, < u for each n, then o < u. Then f and g have a
unique coupled common fixed points. Further more, any fized point of O is a fixed
point of F€, and conversely.

PROOF. Suppose the given condition holds. Let (e, 8) and (u,v) € A4 x M,
there exist (o*, 8) € A4 x M, that is, comparable to (e, £) and (u,v). Then

D((e, ), (e, B), .-, (e, ), (u,v)) = & (e, 0, .., 0, u) + (B, 8, ... 8, u)
= (O, 0), Oe, B), ..., O(e, ), H (u,v)) + F (OB, @), O(8, @), ..., O(8, &), # (v, u))
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< fmax{D((e, B), (e, B), ..., (e, B), (u, v)),
D((a, B), (e, B), ... (e, ), (O(a, ), O (8, @),
D((u,v), (u,v), ..., (u,v), (H(u,v), 7 (v,u))),
D((a, B), (e, B), .-, (e, ), (H (u, v), (v, u))),

D((u, ), (u,0), .., (u,0), (O (e, B), O(B, @)))}
= fmax{D((a, B), (e, ), ...(ev, ), (u,v)), D((e, ), (@, B), ... (@, ), (e, B)),
D((u,v), (u,0), ..., (u, 0), (u,v)), D((a, B), (e, ), ..., (e, ), (u, v)),
D((u, ), (u,0), ..., (u, v), (e, B))}
= O max{D((a, B), (ev, ), .., (@, B), (u, v)), D((e, B), (@, ), .., (@, B), (u, ),
D((u, ), (u,v), ...(u, v), (e, §))}
< §max{D((e, f), (e, B), ..., (e, ), (u, v)),
D((a, ), (e, B), ..., (e, ), (u,v)),
bD((av, B), (e, ), ..., (e, B), (u, v))}

= 0bD((w, B), (e, B), ... (e, B), (u, v))
Since ab < 1, we have
D((‘D‘a /B)v (@7 /6)’ "'(dl/7 /6)’ (uv U)) = 0.

So, (a, 8) = (u,v). Hence, x = u and y = v. Suppose that (@, ) and (a*, 5%)
are the coupled common fixed points such that o < o* and £ > £*, then o = o*
and £ = B*. Now, we have

D((e, B), (e, 8), ... (@, 8), (", 87)) = & (e, @, .., 00, 27) + (B, 6, ..., B, 87)
= (O, ), O(a, B), ..., Oov, B), A (", 7))
A (OB, 0), 0B, w),..,0(8,a), (8", x7))
< O max{D((e, 8), (e, B), ..., (e, B), (", 87)),
D((a, B), (e, B), ... (e, B), (O (e, B), O(B, @))),
D((e", %), (@, 87), ..., (@, 8%), (H(a”, 87), (8", 27))),
D((e, 8), (e, 8), ... (e, B), (A (a7, 87), (8", 7)),
D((e”, 87), (", 87), ..., (&, 87), (O(ev, B), O(B, @))) }
= fmax{D((e, B), (e, B), ..., (e, B), (e, B)),
D((ev, 8), (e, ), ... (e, B), (e, 8)), D((ev, B), (e, B), ..., (e, B), (", 57)),
D((e, 8), (e, 8), ... (e, B), (@, 87)), D((x, B), (e, B), ... (e, B), (e, 8)) }
< 0b D((e", 87), (", 87), ..., (@, 87), (e, B)).
Since #b < 1,

D(((Il/*, /B*)? (‘D‘*v /B*)’ ey ((Il/*, /B*)? (‘D‘a /B)) = 0.

(e,
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Thus, (o, 6%) = (@, £). Hence, & = o* and = .

We show that any fixed point of & is a fixed point of 77, and conversely. That
is, to show that (a, 8) is a fixed point of f if and only if (e, 8) is a fixed point of
. Suppose that (e, ) is a coupled fixed point of &.

D((e, 8), (e, 8), ... (e, B), (S (e, ), (B, @)))

A (O(a, ), O(e, §), ... O(a, B), H (e, B)) + 7 (O(B, @), O(8, ), .08, @), (B, )
<@maX{D((a ), (@, 8),...(a, ), (e, B)), D((a, ), (a, ), .., (@, B), (O(av, ), O(8, @))),
D((e, B), (e, B), ..., (@, ), (A (e, B), 2 (B, @))),
D((a, B), (e, B), ..., (e, B), (S (@, ), 2 (8, @))),
D((e, B), (e, B), ..., (@, ), (e, §), O(6, @)))}
= 0D((e, 8), (2, B), ..., (@, B), (A (v, B), (B, @)))
< 0b D((A (e, 8), (8, @), (H (e, ), (B, ), ..., (H (e, B), (B, @), (a, 5))

Since #b < 1, we have
D((A(w, B), (B, ), (A (w, B), (B, @)),....( (e, B), 7 (B, @), (e, B)) =
So,
( (e, B), A (B, @) = (e, B).
Then

x=(a, ) and y = (B, a).

Therefore (@, ) is a coupled fixed point of 77, and conversely. O

Let (R, <,.#) be a partially ordered complete o%-metric space with @%-metric
with index n, defined on X = [0,4+00) as &% : X™ — [0, +00) by

n
(@, @, ..o 1, @) = ZZ | — o]

i=1 i<j

forall o, € #,i=1,2,...,n. Then (A, ) is an @-metric space with b = 2. Let
f iR — R be a mapping defined by

Oe,B) =pa+gB8+n—2, (p—1)72—¢*=0.
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Let &g = 0 and B, = 0. Thus ey = 0 < 0(0,0) = O(av, By), OBy, ) =
0(0,0) < 0= f,. Then the pair (f, f) has mixed weakly monotone property on R

A (O(a, ), 0(e, B),...0(, B), O(u,v)) + (OB, a), OB, @), .08, @), O(v,u))

=[0(, B) = O(u, )" +6(8, @) — O(v,u)|’

= |poa+gB+n—2— (pu+qu+n—2)°
+|PB+qu4+n—2—(pv+qu+n—2)

= [p(er = u) + (8 — 0)|” + |p(6 —v) + (e = w)|”

= [pl" lov — ul* + [al* |8 — o* + [pI* |6 — v + |al” |o —

< (Ipl* + lgI") (e = ul*) + (IpI* + [g1*) (18 — 0|

= (Ip]* + lg*)(Jo = u[* + |8 = v[*)

= (Ip|* + aI*) D((ax, B), (e, B), ..., ., (e, B), (u,v))
< (Ipl* + laI")

max{D((e, 6), (@, 6), ...(a, ), (u,v)),
D((e, B), (e, B), ..., (@, ), (O(e, §), O (8, @),
(u, 0), (w, 0), ... (u, 0), (O(u,v), O(v,u))),

(e, ), (@, B), ..., (@, B), (O(u,v), O(v,u))),
(u, 0), (w, 0), ... (u, 0), (O(a, B), O(6, @)))}-

Put n = 2 and b = 2. Since #b((n — 1) +b) <1 = ¢ < ;5. Then the
1

3 Choose a and b such

that a = &, b= . Then § = [p|* + |¢|° = 1—182 + %2 = 0.00358 < 3, and more over

(0,0) is the umque coupled fixed point of .

Contractive condition 1 is satisfied with & = |p|* + |q|°

Example 3.1. Let (R, <,.#) be a partially ordered complete .o7,-metric space
with @Z-metric with index n, defined on X = [0,00) as 4% : X" — [0,00) by

(o, @, .. 01, 0) = S5 ey — oy’ for all ey € 4, i = 1,2,...,n. Then
i=1i<j
(M , o) is an of-metric space with b=2.
Let f,g : R — R be two maps defined by O (e, §) = 40-26+d8n—2 and 7 (a, B) =

48n
60v—3/3+72n—3

o . Then the pair (&, #) has mixed weakly monotone property on R
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A (O(a, ), O, B),...0(ax, B), H(u,v)) + (OB, ), OB, ),..08,a), 7 (v,u))
= [ﬁ(a7 ) - %(u7 'U)]Q + [ﬁ(/ﬁ,@{) - %(07,“)]2

4B —2a+48n—2 60 —3u-+T2n—3
‘ 48n a 72n

o — 208 +48n —2  6u—3v+T72n—3
48n 2n

+

|

- (241n>2 [12(e = u) = (8 = v)* +]2(8 — v) — (e = w)|"]

—_

<

[9]e —ul* + 918 —v|?]

—~

24n)?
< 2 flo—uf*+ 16— of]
— 24n

3

51 D@, 8), (@, 8),.... (e, 8), (u,v))

(3)

< o, max{D((a, B), (, B), .. (@, B), (u,v)),

D((e, 8), (e, B), ---(ev, B), (O(a, ), O(8, 0))),
D((u,v), (u,v), ..., (u,v), (F(u,v), 7 (v,u))),
D((e, B), (e, ), .., (@, ), (S (u,v), 7 (v, u))),
D((u,v), (u, v), .., (u, ), (O(a, 6), O (5, a)))}
For n = 2 and b=2, since ab((n —1)+b) <1 = a < i . Then the contractive

condition 1 is satisfied with § = % < %, and also (1,1) is the unique coupled common
fixed point of & and 7.

~— )

Corollary 3.4. Let (A ,<,.#) be a partially ordered complete of,-metric space
and f: X% — .# such that

(i) f has mized weakly monotone property on A and there exist oo, By € M such
that 0% S ﬁ(a()v/ﬁ())’ ﬁ(ﬁo: (Dé()) S /607
(ii) there is an @, such that § <1 and

A(O(a,p), 0, B),...,0(w,B),0u,v))+ A (OB, a),0B, a),...,0QP80 «),0wu))
< {D((e, B), (e, ), ...(ax, B), (u,v))}
(11)
for all a, B,u,v € A with w < u and B > v.
(#i) f is continuous or X has the following properties.
(a) if {os} is an increasing sequence with ay — v, then e, < v for all o € N,

(b) if {B,} is a decreasing sequence with B, — B, then 8 < 8, for all o € N.
Then f has a coupled fixed point in M .
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4. Application to Volterra type integral equations

Volterra integral equations are quite in numerous research disciplines, including
migration patterns, infectious transmission, and non-linear propagations. Volterra
continued to work on integral equations early 1884, but it wasn’t until 1896 that
he focussed on them seriously. Du Bois-Reymond came up with the term ”integral
equation” in 1888. Lalesco, on the other hand, proposed the phrase Volterra integral
equation around 1908. The study and utilization of ordinary differential equations
are familiar among most mathematicians, physicists, and several other researchers.
The authors were able to apply their expertise of ordinary differential equations to
the theoretical and practical of further common challenges by using Volterra integral
and operational nonlinear systems in almost the same framework.

Consider the following system of integral equations:

mm:mM+/AMwwm%wm+@qumw
‘ (12)

b
wm=mm+/AMwwm%wm+@qumw

where the space .# = C([a, b], R) of continuous functions defined in [a, b]. Obviously,
the space with the metric is given by

A (u,u,, ... u,v) = [u(A) —v(A))?, u,ve C[a,b],R)

is a complete metric space. Let .# = C([a,b],R) the natural partial order relation,
that is, u,v € C([a,b],R), u < v if and only if u(A) < wv(A), t € [a,b].

Theorem 4.1. Consider the Corollary 3./ and assume that the following con-
ditions are hold:
(i) Oy, Oy : [a,b] x R — R are continuous;
(i) q : [a,b] — R is continuous;
(7ii) A : [a,b] x R — [0,00) is continuous;
(iv) there exist ¢ > 0 and 0 < § < 1, such that for all u,v € R, v > u,
0 < O)(x,v) — O1(x,u) < cb(v—u)
0 < Oy(x,v) — Oy(x,u) < (v —u);
(v) assume that ¢ fab)\(A, X)dy < 1;

(vi) there exist o, By € M such that
b
() 2 ¢(4) + | NG aalx)) + # x, Bo(0))dx

AMMS«M+/MAMWWMMD%%WMWWW-
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Then the system of integral equation 12 has a unique solution in M X M with
M = C([a,b],R).

PROOF. Define the mapping .7 : A4 x .# — # by

F (u,v)(A) = q(A) +/ A X)(G1(x; ulx)) + O2(x; v(x)))dx (13)

for all u,v € 4 and t € [a,b]. Now we have to show that all the conditions of
Corollary 3.4 are satisfied. From (iv) of the Theorem 4.1, clearly .# has mixed
monotone property. For e, 8, u,v € .# with « > u and f < v, we have

A (F (e, 0), F(a, B),..., F(a, ), F (u,v)) + Z(F (B, ), F(B,a), ..., F (B, ), F(v,u))
= |7 (0, B)(A) = F (u,0)(AN)]* + |7 (B, 0)(A) = F (v,0) ()]

/ AR X)) (% 2(X)) + G y())dx —

A, X)(O1(x, u(x)) + Oa(x, v(X))) dx

b ‘ 2

/ AN, X)(O1(x, y(X))+ﬁ2(X7@<X)))dX_/ A, X)(O1(x, v(X)) + O2x, u(x)))dx

" a

</ 161(x, (x)) — O1(x, u(x))]? [N (A, X)] dx
/ 1636 900) — o, 0 (I XA, ) dx
/ 161 (x., y(x)) — OL(x, v ()P [A2(A, X) | dx+

[ 10:00.a00) - Gat w0 PRONNIEYY

< 02a2(/ lax(x)—U(X)!2!A2(A7x)!d><+/ ly(x) — o) [N (A, )] dx

b b
+ [ 00 = oG0P a0l ax+ [ Tab) = v R dx)

< (\a(A) S )+ y(A) — o)
Fy(A) — oW + a(A) - u(A)\Q) @0 [ el dn

<2((In() = o)+ 1y(4) = o) ) 6 [ a0 d
<20 (o (o, z,...,0c,u) + A (B,y, ..., 5,v))
=20 D((0. 8), (. 8), - (0, 6), (u.0)
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Therefore
A(F (o, B), F (e, B),..., F(«a, B), F(u,v))
+ A (F(B,a), F(B,a),...,. 7B, a), F(v,u))
< 20D((ev, B), (e, 8), - .., (e, 8), (u,v))

hence §# < 5 < 1, which is the contractive condition in Corollary 3.4. Thus, F

has a coupled fixed point in .#. That is, the system of integral equations has a
solution. ([l
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