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Bicomplex valued bipolar metric spaces and fixed
point theorems

Gurusamy Siva

ABSTRACT. The concept of bicomplex valued bipolar metric space is introduced
in this article, and some properties are derived. Also, some fixed point results of
contravariant maps satisfying rational inequalities are proved for bicomplex valued
bipolar metric spaces.

1. Introduction

Let C; be the set of all complex numbers and z1, 29 € Cy. Define a partial order
= on C; as follows. z; 3 z if and only if Re(z1) < Re(zs),Im(z1) < Im(zs). Tt
follows that z; = z5 if one of the following conditions is satisfied:

(I) Re(z1) = Re(zs),Im(z1) < Im(z),
(IT) Re(z1) < Re(zs),Im(z1) = Im(z2),
(III) Re(z1) < Re(zs),Im(z1) < Im(z2),

(IV) Re(z1) = Re(z2), Im(z1) = Im(z2).
In particular we will write 21 3 2 if 21 # 2, and one of (I),(II) and (III) is satisfied,
and we will write z; < 2o if only (III) is satisfied. Note that

Oj21§22:> |Zl| < |22|
le22,22-<2’3:21-<23.

Let Cy and Cy be the set of all real and bicomplex numbers respectively. Bicom-
plex numbers are defined by C. Segre [14] as: T = ay + agiy + agiz + a4i1iz, where
a1, as, as, as € Cy, and the independent units 41, i are such that ;> = i, = —1, and
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1119 = i2i1. We denote the set of bicomplex numbers C, is defined as:

CQ = {7’ LT = a1 + a1y + asly + a4i17,2,a1,a2,a3,a4 S Co},

le, Co = {7 : 7 = 21 +i229,21,20 € C;1}, where z; = a; + aziy € C; and 2z, =
as + aqi1 € Cy.

If 7 =21 + 1229 and v = wy + iows be any two bicomplex numbers then the sum
is T+ v = (21 +i229) £ (wy + dows) = (21 & wy) + (22 = wy) and the product is
T.V = (21 + ing).(’lUl + igwg) = (21w1 — ZQU)Q) + ’ig(zlwg + 22w1).

An element v = w; + iswy € Cy is nonsingular if and only if |w;? + wy?| # 0 and
singular if and only if w1 +wy?| = 0. The inverse of v is defined as v~ = 217203,

A bicomplex number 7 = a1 + agiq + agis + agiiis € Cq is said to be degenerated

if the matrix
a; Qg
az a4

is degenerated. In that case 77! exists and it is also degenerated.

The norm || - || of Cy is a positive real valued function and || - || : C; — Co*
by |7l = 21 + izl = {|z]* + |22}z = (@1% + ao® + as? + as2)2, where 7 =
a + CLQil + agig + a4i1@'2 =z1+ iQZQ c (CQ.

Define a partial order 3;, on C, as follows. For 7 = 21 4 is29 and v = wy + iqws
be any two bicomplex numbers. 7 3;, v if and only if z; Z wy, and 2o T wy. It

follows that 7 =;, v if one of the following conditions is satisfied:

~ot2

(i) 21 = W1, 22 = Wy,
(il) 21 < wy, 29 = wo,
(ill) 2 = wy, 22 < wy,
(iv) 21 < wy, 29 < wo.

In particular we will write 7 3;, v if 7 Z;, ¥ and 7 # v and one of (ii),(iii), and (iv)

is satisfied, and we will write 7 < v if only (iv) is satisfied. Note that
(D) 7 Zip v = Il < lvl],

~12
(D 7+ vl < {I= )l + v,
(IIT) ||la7|| = a||T]|, where a is a non negative real number,
(IV) |I7v| < v2||7|||[v|l, and the equality holds only when atleast one of 7 and
v is degenerated,
(V) |77 = |I7|| 7' if 7 is a degenerated bicomplex number with 0 < 7,
VI) ||IZ]| = M, if v is a degenerated bicomplex number.
v Il

A. Azam et al introduced the concept of complex valued metric spaces in [1].
The notion of bicomplex valued metric spaces was introduced by J. Choi et al in [3],
some properties were derived and common fixed point results for mappings satisfying
a rational inequality were proved. There are many articles appeared for fixed point
theory in bicomplex valued metric spaces, see [2, 4, 5, 6, 7, 13].
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Definition 1.1. [1] Let G be a non empty set. A bicomplex valued metric is a
mapping d : G x G — C, satisfying the following axioms:
(i) 0=, dW,w), Vi, weq,
(ii) d(¥,w)=0if and only if ¥ = w in G,
(ili) d(¢, @) =d(w,v), VI, w € G,
(iv) d(¥,w) Z4 (19%)+d(/§w)V19/£w€G.
)

The pair (G, d) is called a bicomplex valued metric space.

A. Mutlu et al [11] introduced the notion of bipolar metric space to giving a
new definition of distance measurement between the members of two separate sets.
Bipolar metric space is a metric space generalization. Many articles are appearing
for fixed point theory in bipolar metric spaces, see for example [8, 9, 10, 12, 15]
and the references therein.

Definition 1.2. [11] Let G and H be two non empty sets. A bipolar metric is
a mapping D : G x H — [0, 00) satisfying the following axioms:
(I) D(W,w)=0= 19 =w, whenever (J,w) € G x H,
(II) ¥ =w = D(W,w) =0, whenever (¢,w) € G x H,
(IlI) D(W,w) = D(w,9),VId,we GNH,
(IV) D(ﬁl,w2) < D(V1, 1)+ D(Vs, 1)+ D(02, w3), ¥V 91,95 € G, and wy, ws €
H.

The triple (G, H, D) is called a bipolar metric space.

In this paper, we extend the domain of bicomplex valued metric to Cartesian
product of two non-empty sets, and we present a new definition of bicomplex valued
bipolar metric space that generalizes the notion of bicomplex valued metric space.
Also, we derive some properties of bicomplex valued bipolar metric spaces. More-
over, we prove some fixed point results for contravariant maps satisfying various
types of rational inequalities in bicomplex valued bipolar metric space.

2. Bicomplex valued bipolar metric spaces

Definition 2.1. Let G and H be two non empty sets. A bicomplex valued
bipolar metric is a mapping d : G x H — C, satisfying the following conditions:
(i) 0=, d(¥,w), whenever (¥, w) € G x H,
i) d(v¥,w)=0= 19 =w , whenever (J,w) € G x H,
) ¥ =w=d,w) =0, whenever (¢J,w) € G x H,
(iv) d(¥,w) =d(w,9),VI,we GNH,
) d(V, wa) Dy d(01, 1) + d(02, 1) + d(02, w2), ¥V U1,99 € G, and wy, ws €

~J12

H.
The triple (G, H, d) is called a bicomplex valued bipolar metric space(or, BVBMS).
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Remark 2.2. Let (G, H,d) be a BVBMS. If GNH = {), then (G, H, d) is called
disjoint. The space (G, H,d) is said to be a joint if G N H # (). The sets H and G
are called right pole and left pole of (G, H, d), respectively.

Example 2.3. Let G = (0,00) and H = (—00,0]. Let d(¢,w) = (1 + 141 + iz +
i112) |0 — w|, where (¢¥,w) € G x H. Then (G, H,d) is a disjoint BVBMS.

Remark 2.4. Let (G, d) be a bicomplex valued metric space, then (G, G, d) is
a BVBMS. Conversely, if (G, H,d) is a BVBMS such that G = H, then (G,d) is a
bicomplex valued metric space.

Definition 2.5. Let (G, H,d) be a BVBMS. Where points of the sets H, G,
and G N H are called right, left, and central points respectively. A sequence that
contains only right(or left, or central) points is called a right (or left, or central)
sequence in (G, H,d).

Definition 2.6. Let (G, H,d) be a BVBMS. A left sequence (¢,,)22 ; converges
to a right point w(or (¢,)22; — w) if and only if for every ¢ € Cy with 0 <, ¢,
there exists an integer ny € N(Natural numbers) such that d(9,, @w) <;, ¢, ¥ n > ny.
Also a right sequence (w,,)>; converges to a left point ¥ (or (c,)32; — o) if and
only if for every ¢ € C, with 0 <;, ¢, there exists an integer ny € N such that
d(¥,w,) <i, ¢, ¥ n > ng. When it is given (k,)>2; — p for a BVBMS (G, H, d)
without precise data about the sequence, this means that either (k,)%, is a right
sequence and p is a left point, or (k,)5%, is a left sequence and p is a right point.

Lemma 2.1. Let (G, H,d) be a BVBMS. Then a left sequence (9,,)2°, converges
to a right point w if and only if ||d(9,, )| — 0, and also a right sequence (w,)>>,
converges to a left point ¥ if and only if ||d(V, w,)| — 0.

PROOF. Let (9,)2, be a left sequence, and (¥,,)22; — w € H. For a given real
number € > 0, let ¢ = § + 15 + @25 + i1725. For every ¢ € Cy with 0 <;, ¢, there
exists an integer ng € N such that, for all n > ng, d(V,,w) <, c.

(O, )| < llcll = €, ¥V n = no.

It follows that ||d(J,, )| — 0 as n — oco. Conversely, suppose that ||d(9,, )| — 0
as n — oo. Then given ¢ € C, with 0 <;, ¢, there exists a real number § > 0 such
that for z € Cy

Izl <6 = 2=y, c
For this ¢, there exists an integer ng € N such that
|d(¥,, @)|| < 8, ¥V n > ng.

This means that d(¥,,w) <, ¢, Vn > ny. Hence ¥,, - w € H.
Obviously, a right sequence (w,)2, converges to a left point ¥ if and only if
|d(9, @, )|| — 0 and this complete the proof. O
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Lemma 2.2. Let (G,H,d) be a BVBMS. If a central point is a limit of a
sequence, then it is the unique limit of the sequence.

PROOF. Let (¥,)22, be a left sequence, (9,)22, -9 € GNH, and (V,)5>, —
w € H. For a given real number € > 0, let ¢ = § + 415 + 425 + #1925. For every
c € Cy with 0 <, ¢, there exists an integer ny € N such that, for all n > ng, we
have d(,,9) <, §, and d(V,, @) <, 5, and then

(0, @) Ziy d(9,9) + d(0,,,9) + (I, @) <3, 0+ g + g

c c
(9, @) < [|d(9, 9) + d(In, 9) + d(On, @)|| < [0+ 5 + ]| = llell = e.
Since € > 0 is arbitrary, we have d(d, @) = 0 which implies ¥ = w. O

Lemma 2.3. Let (G,H,d) be a BVBMS. If a left sequence (9,,)5, converges
to w and a right sequence (w,)>2, converges to 9, then d(¥,,w,) — d(V¥,w) as
n — oo.

PrROOF. Let (9,)5, - w € H, and (@,)>, — ¥ € G. For a given real number
€ >0, let c = 5+ 1415 +ia5 +i1iz5. For every ¢ € Cy with 0 <, ¢, there exists an
integer ng € N such that, for all n > ng, we have d(0,, @) <, 5, and d(¥, @,) <, 5,
then

(0, @) Zi, d(0, @n) + d(Un, @wn) + d(0, @)

implies
AW, ) = d(Dn, @) Zip A0, 0) + A0, ) < 5 + 5,
|d(0n, wn) — d(9, @)|| < [|d(0,n) + d(Un, @)|| < [lc|| = €, Vn = n,
and hence d(¢,,,w,) — d(J,w) as n — oo. O

Definition 2.7. Let (Gy, Hy) and (G, Hy) be two bicomplex valued bipolar
metric spaces, and f : Gy U H; — Gy U H,.
(i) If f(Gi1) € Gy and f(H;) € H,, then f is called a covariant map from
(G1, Hy) to (G, H), and we write f : (Gy, Hy) = (G, Hz).
(ii) If f(G1) € Hy and f(H;) C Go, then f is called a contravariant map from
(G, Hy) to (Ge, Hs), and we write f : (Gy, H1) = (Ga, Ha).

Remark 2.8. Suppose d;, and dy be two bicomplex valued bipolar metrics on
(G, Hy) and (Go, Hs) respectively. We can also use the symbols f : (G, Hy,dy) =
(Go, Hy,dg) and f : (G, Hy,dy) &2 (Ga, Hy,dy) in the place of f : (Gy, H) =
(Go, Hy) and f : (G, Hy) = (Ga, Ha).

Definition 2.9. Let (G, H,d) be a BVBMS.
(i) A sequence (9,,w,) on the set G x H is called a bisequence on (G, H, d).
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(i) If both (¥,)22, and (w,)2, converges, then the bisequence (¥,,w,) is
called convergent. If both (9,)%°, and (c,)32, converges to a same point
¥ € GN H, then the bisequence is called biconvergent.

(iii) A bisequence (9, w,) on (G, H,d) is called a Cauchy bisequence, if for each
¢ € Cy with 0 <;, ¢, there is an ng € N such that d(¥,, wp1m) <i, ¢, V
n > ny.

Lemma 2.4. Let (G, H,d) be a BVBMS. Then (9, w,) is a Cauchy bisequence
if and only if ||d(Vn, @nim)|] = 0 as n — oo.

PrOOF. Let (¥,,w,) is a Cauchy bisequence. For a given real number ¢ > 0,
let ¢ = § +i15 +i25 + i1i25. For every ¢ € Cy with 0 <;, ¢, there exists an integer
no € N such that, for all n > ng, d(¥,, @pim) <, C

1d(n, npm)|| < llell = €, ¥ n = no.

It follows that ||d(V,, @Wpim)|| — 0asn — o0o. Conversely, suppose that ||d(0,,, @nim)||
— 0 as n — oco. Then given ¢ € Cy with 0 <;, ¢, there exists a real number § > 0
such that for z € Cq

|z <0 = 2z <y,
For this 9, there exists an integer ny € N such that
| d(Vn, @pim) || < 0, ¥ > ng.

This means that d(V,,, @y+m) <i, ¢,V > ng. Hence (9, @, ) is a Cauchy bisequence.
OJ

Proposition 2.5. Let (G, H,d) be a BVBMS. Then every biconvergent bise-
quence 1s a Cauchy bisequence.

PROOF. Let (¥,,w,) be a bisequence, which is biconvergent to a point 9 €
G N H. For a given real number € > 0, let ¢ = § + 15 + d25 + i1025. For every
c € Cy with 0 <, ¢, there exists an integer ng € N such that for every n > ny,
d(0n, V) <, 5, and for every n > ng, d(V, @pim) <i, 5. Then we have

d<19n7 wn+m) Ny d(ﬁn: 19) + d(ﬁa 19) + d(ﬂa wn+m) <1'2 g +0+ Ea vn 2 no.

~ol2 2

c c
(I, D) || < [|d(Fn, 0) + d(D,9) + A0, Do)} < |5+ 0+ Sl =l = e,

Vn > ng.
So (0, wy) is a Cauchy bisequence. O

Proposition 2.6. Let (G, H,d) be a BVBMS. Then every convergent Cauchy
bisequence is biconvergent.
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PrOOF. Let (9,,w,) be a Cauchy bisequence such that (9,)2, convergent
to w in H and (w,)32, convergent to ¢ in G. For a given real number € > 0, let
¢ = $+i15+izg+iias. Forevery c € Cq with 0 <, ¢, there exists an integer ng € N
such that d(d,, @) <4, 5, d(¥, Wpim) <, §, for all n > ng, and d(V,, @pim) <, §,
for all n > ng. Then
c

d<19’ w) f_ji? d<197 w”+m> + d(ﬁnv wn+m) + d(ﬁna w) =iy g + 3

+ g,vn Z ng.

c

Cc
1@, @)l < 1d(0, Dnsm) + d(Wn, D) + AW, D) < 5 + 3

+ 2l =l =«
Vn > nyg.
Therefore d(¥, w) = 0 and so that ¥ = w. Then (¢, w,) is biconvergent. O

Definition 2.10. A BVBMS (G, H,d) is called complete, if every Cauchy bise-
quence is convergent, or equivalently, biconvergent.

3. Main results

In this section we shall prove some fixed point theorems of different types of
contravariant mappings on BVBMS.

Theorem 3.1. Let (G, H,d) be a complete BVBMS with degenerated 1+d(v9, w)
and |1 + d(0,@)|| # 0, whenever (V,w) € G x H. If a contravariant map f :
(G,H,d) = (G, H,d) satisfies

pd (0, f(0))d(f (@), @)
1+ d(9, w) ’

d(f (@), f(D)) Zi, Ad(V, @) +

whenever (9,w) € G x H, for some A\, ju € (0,1) with A+ 2u < 1. Then the
function f : GUH — GUH has a UFP.

PROOF. Let ¥y € G, wy = f(¥9) € H, and ¥, = f(wp). Suppose, w, = f(¥,)
and ¥,,11 = f(wy), for all n € N. Then (9, w,) is a bisequence on (G, H,d). For
all n € N, from

:U’d(ﬁm f(ﬁn»d(f(wnfl), wnfl)
)\d(??n, wn_l) + 1 T d(ﬁn, wn71)
,ud(ﬁna wn)d(ﬁrw wnfl)
1 + d(??n, wn_l)
ﬂd(ﬁna wn)d(ﬁn7 wnfl)
1 —l— d(’ﬁn, wn_l)

< MW o)l + V20| (I, w0 |

~J12

= )\d(ﬁn,wn_l) +

[0l < HAdwn,wn_1>+
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we conclude that

A
d 1971,, n S —F||d 79117 n— )
A, @ < 1= 40,2
and
d(ﬁmwn—l) = d(f(wn—1>7f(79n—1))
) :ud(ﬁn—h f(lgn—l))d(f<wn—l)v wn—l)
S AU @) U4 (01, %0
o ,U/d(ﬁnfla wn71>d<79n7 wnfl)
= )\d(ﬁn—lv w”_l) - 1+ d(ﬁnfly wnfl)
/Ld(ﬂnfbwnfl)d(ﬁnawnfl)
<
||d(19nawn—1)” = H)‘d(ﬁn—lawn—l)_l' 1+d<79n71,wn71)
< Md(Fn-1, @a)ll + V20l A0, Tn1) ),
so that
140, D)l € e d(Bu1, )|
ny “n—1 -~ 1—\/5[[/, n—1, Wn—-1/||»

Therefore, by putting o = ﬁ, we have
(0, @) | < &[|d(Jo, wo) |
and
1d(Fn, @n1) | < @™ H|d (Yo, o) |-
For every m,n € N,

d(ﬁnv wm) jig d(ﬁrw wn) + d<19n+17 wn) + d<19n+17 wm)
(a2n + a2n+1)d(?90, WO) + d(”&n+1, wm)

~12

~ig e
(@ 4+ & 4 4+ a® N d(9o, @o) + d(Vm, )
(" 4 " 4 a®™)d (Yo, @), if m >,

~Jt2
NiQ
1A, om)|| < (@™ 4+ & 4+ &™) ||d(Do, @0)||, if m > n,
and similarly, if m < n, then

AV, @) Sy (@222 4 L o) d (Y, @),

~Ji2
(9, @) | < (@™ + ™42 4+ o) | d(o, o).

By a € (0,1), ||d(9,,@wm)|| — 0, as n,m — oo, we conclude that (9,,w,) is a
Cauchy bisequence. Since (G, H, d) is complete, (9, @, ) converges, and biconverges
to a point k € G N H. Hence, f(¥,) = w, - k € GN H as n — oo implies
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d(f(k), f(9,)) = d(f(k),k) as n — oo, by using Lemma 2.3. Also by taking the

limit from

pd(9n, @, )d( f(K), k)
1+ d(0,, k)

d(f (%), f(Un)) Ziz Ad(On, k) +

we obtain

plld(0n, wn)d(f (), K]
1+ d(@n, &)

1d(f (5), F(O)) < Alld(Dn, )| +

as n — 0o, we get d(f(k),xk) = 0. Hence f(k) = k. Therefore x is a fixed point of

f.
If p is another fixed point of f, then f(p) = p, p € GN H, and hence,

pal(rs, A (0)20) <y g )

d("i7p) = d(f(l{,),f(p)) r—jiZ Ad(’%ﬂ) + 1+ d(/i,p) ~J12

Therefore ||d(k, p)|| = 0 so that k = p. So f has a UFP. O

The above Theorem generalizes a Corollary 5 of [1] and Corollary 3.2 of [2].

Example 3.1. Let G = {0, 3,2} and H = {0,1}. Let d(¢, @) = (1+12) [ — |,

)9
where (¥,w) € Gx H. Then (G, H,d) is a complete BVBMS. Define a contravariant
map f : (G, H,d) = (G, H,d) by f(0) =0, f(3) =0, and f(2) = 2. Then, f satisfies
the inequality d(f(e), f(¥)) Zi, M(0, ) + “HAIERUIELE) for X = L and = §.
By Theorem 3.1, f has a UFP zeroin GN H.

Theorem 3.2. Let (G, H,d) be a complete BVBMS with degenerated 14d(v, w)
and ||1 + d(¥,w)| # 0, whenever (V,w) € G x H. If a contravariant map f :
(G,H,d) = (G, H,d) satisfies

pd (9, f(0))d(f (@), @)
1+ d(V, w) ’

d(f(@), f(V)) Zin A0, f()) + d(f (@), @)] +

whenever (¥, @) € G x H, for some A\, € (0,1) with 2\ + /2u < 1. Then the
function f : GUH — GUH has a UFP.

PROOF. Let ¥y € G, wy = f(¥9) € H, and ¥, = f(wp). Suppose, w, = f(V,)
and 9,41 = f(w,), for all n € N. Then (¢, w,) is a bisequence on (G, H,d). For
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all n € N, from

A, @) = d(f(wp_1), f(0,))
Sis Ald(On, f(05)) + d(f(wn-1), Tn-1)]

_i_,ud(ﬂnaf(ﬁn)) ( (wn—l)vwn—l)
1 + d(’ﬁrm wn_1>

pd (9, @) d(0y, wn_1)
1+ d(V,, wn_1)
pud (9, w0,)d(0,, 1)
1+ d(9,, @wn1)

= ANd(Vn, @) + d(Vn, @n1)] +

[0 =) < wwwmm»wmmwnm+

< MdWn, @) + AV, @a-1)]|| + V20| d(r, @),
we conclude that
40, )| < ——— [ d( O, 0 1)
ny Wn =~ - = ny Wn— )
1—X—+2u 1
and
d<19n7 wn—l) = d(f(wn—1>7 f(ﬁn—l))
,_jig A[d(ﬁnfla f(ﬁnfl)) + d(f<wn71)7 wnfl)]
+/’Ld({l9n717 f(ﬁnfl))d(f<wnfl)a wn71>
1 + d(ﬁnfla wnfl)
,Ud<19n717 wnfl)d(ﬁnv wnfl)
pr— d
A(Vn1; @) + d(Jn, Tna)] + 14+ d(¥y—1,@n-1)
,ud(ﬁnfly wnfl)d<19n> wnfl)
d _ < _ d(v9 _
(0, =)l < H (a1 2) + D )]+ LAt o)l 2
< MA@ o1, @a1) + d(On, @1)]|| + V2001 (00, @) |
so that

A
d(Vn, wn-1)|| £ ————=[[d(Vn-1, @n-1)],
L e S L ]

Therefore, by putting o = we have

A
1-A—v2p’

[d(0, ) || < &®*[|d (o, w0) ]|
and

(9, @n-1)|] < " H{|d (Do, o).
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For every m,n € N,

d(ﬁna wm) d(ﬁna wn) + d<19n+17 wn) + d(ﬁn+17 wm)

(a2” + 0z2”+1)d(§0, wo) + d(Vnt1, @m)

~12
~Jt2

(@® + a® 4+ P Y d(, @o) + d(Dm, )
(@®" 4+ o® 4 4 a®™)d (Yo, ), if m > n,

~12
~12
(0, ) || < (02" + @21 4 . 4 a®™)||d(Jo, wo)||, if m > n,

and similarly, if m < n, then

AV, @m) Si, (@2 4?2 14 @ d (9, @),

f\JiQ
[d(On, )| < (@™ + ™2 4+ )| d(D, ) |-

By a € (0,1), ||d(V,, @wm)|| — 0, as n,m — oo, we conclude that (9J,,w,) is a
Cauchy bisequence. Since (G, H, d) is complete, (9, @, ) converges, and biconverges
to a point k € GN H. Hence, f(¥,) = w, - k € GN H as n — oo implies
d(f(k), f(¥,)) — d(f(k),k) as n — oo, by using Lemma 2.3. Also by taking the
limit from

Hd(ﬁna WN)dOp(H)’ ’%)
), £ B M) + (0, ) + 20 ZlL

we obtain

1S (), SO < Al ) + d(F (), )] 4+ I )AL (), 0)]

1+ d(@n, k)l
as n — 0o, we get d(f(k),x) = 0. Hence f(k) = k. Therefore k is a fixed point of

f.
If p is another fixed point of f, then f(p) = p, p € G N H, and hence,

d(k, p) = d(F(x), £(p)) Zen Md(x, () + d(F(p), )] + “d“’lffjlzifﬁ gp% r

Therefore ||d(k, p)|| = 0 so that k = p. So f has a UFP. O

Theorem 3.3. Let (G, H,d) be a complete BVBMS with degenerated 1+d(¥, f(9))+
d(f(w), @) and |1 +d(0, f(9)) +d(f(w), )| # 0, whenever (¥,w) € G x H. If a
contravariant map f : (G, H,d) = (G, H,d) satisfies

pd (9, f(9))d(f(w), @)
L+d(, f(9)) + d(f (@), @)’

whenever (¥, @) € G x H, for some A\, € (0,1) with 3\ +/2u < 1. Then the
function f : GUH — GU H has a UFP.

d(f(w), (V) Zi, Ald(9, @) +d(0, f(9))+d(f (@), @)+
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PROOF. Let ¥y € G, wy = f(Vy) € H, and ¥y = f(wp). Suppose, w, = f(I,)
and ¥,.1 = f(wy), for all n € N. Then (9,,w,) is a bisequence on (G, H,d). For
all n € N, from

d(ﬁm wn) = d(f(wn 1)7 f( n))
i Ald(WUn, @n1) + d(On, f(U5)) + d(f(n-1), @n-1)]
pd(Dr, f(90))d(f(@n1), @n1)
1+d( , f(0n)) + d(f(@n-1), @n1)
= \d (ﬁn,wn 1) + d(9y, w,) + A9y, wn_1)]
pd (9, ) d(0,, 1)
1+ d(V,, wn) + d(V, wn_1)
[d(Un, @n)[| < [ A[d(On, @n1) + d(Dn, @n) + d(Tn, @n-1)]
pd (9, ) d(0,, 1)
1+ d(V,, ) + d(Vy, wn_1)
< MW, @o1) + d(On, @) + A, @a-1)]| + V20| d(V, 0|

we conclude that

+

+

2\

dﬁna n S—
Jdn =l < T

(O, ),

d(Un, wn-1) = d(f(@n-1), f(Vn-1))
Sin Md(Wn-1,@n 1) +d( 01, (1)) + d(f(@n-1), Tn-1)]
pd(Vn1, f(n-1))d(f(n-1), @n-1)
1+ d(Un-1, f(Un-1)) + d(f(@n-1), Tn-1)
= MNd(Wp_1,0-1) + d(Vp_1,@n_1) + d(VOn, @n_1)]
N pd (01, w@n—1)d(On, wp_1)
1+ d(p-1, f(Vn-1)) + d(f(@n-1), @n-1)

400 )l < IAGn 1,0 1) + dBr1,01) + D0 )|
pd(0y 1, @pn_1)d(9y, @p_1) ’
L4+ d(9p-1, [(Vn-1)) + d(f(@n-1), Tn-1)
< Md(WVn1,w01) + A1, @0 1) + AV, @0 )] + V20| d(0, @) |
so that

#|+

2)\
d(Vn, wn-1)|| £ ————=[|d(Vn-1, wn-1)]],
L e casv o LR ]

Therefore, by putting o = ﬁ, we have

(9, )| < @ [|d(o, wo) |
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and
(9, 1)l < " H{|d(Do, o).
For every m,n € N,

d(ﬁna wm) ;jig d(ﬁrw wn) + d<79n+17 wn) + d<19n+17 wm)
(a2n + a2n+1)d(?90, WO) + d(ﬂ,ﬂ,l, wm)

~12

(@ 4+ & 4 4+ @) d(9o, @o) + d(Vms )
(" + o 4 a®™)d (Y, @), if m > n,

~12

~ti2

1AV, @om)|| < (@™ 4+ & 4 .+ &™) ||d(Do, @0)||, if m > n,
and similarly, if m < n, then

AV, @m) Si, (@2 4?2 14 @ d (9, @),

~ol2

AP, )| < (@™ +a®™72 + 4 0® ) |d(D0, @0) |-

By a € (0,1), ||d(V,, @wm)|| — 0, as n,m — oo, we conclude that (J,,w,) is a
Cauchy bisequence. Since (G, H, d) is complete, (9, @, ) converges, and biconverges
to a point k € G N H. Hence, f(9,) = w, - k € GN H as n — oo implies
d(f(k), f(¥,)) — d(f(k),k) as n — oo, by using Lemma 2.3. Also by taking the
limit from

pd(0,,, @, )d(f(K), k)
1+d(0,, @) +d(f(K), K)

d(f(K), [(0n)) Ziz Md(On, k) + d(0n, o) + d(f (%), £)] +

~12

we obtain

1d(f(w), DI < Allld(n, ) + d(0n, @) + d(f(£), 5)]]]
plld(0n, wn)d(f (5), )]
11+ d(On, @) + d(f (), 5)]|°

as n — 0o, we get d(f(k),xk) = 0. Hence f(k) = k. Therefore k is a fixed point of

f.

+

If p is another fixed point of f, then f(p) = p, p € G N H, and hence,

d(k,p) = d(f(r), f(p)) Zi Ad(k, p) +d(k, f(r)) +d(f(p),p)]
pd(k, f(k))d(f(p), p)
L+d(k, f(r)) +d(f(p),p)

Therefore ||d(k, p)|| = 0 so that kK = p. So f has a UFP. O

+
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4. Conclusions

All fixed point theorems in bicomplex valued bipolar metric spaces can be re-
garded as generalizations of fixed point theorems in bicomplex valued metric spaces
which are generalization of complex valued metric spaces. Therefore, studies of fixed
point results in bicomplex valued bipolar metric spaces are significant.
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