Mathematical Analysis and its Contemporary Applications
Volume 3, Issue 4, 2021, 41-62

doi: 10.30495/maca.2021.1938349.1026

ISSN 2716-9898

Multiplicity results for the nonlinear p-Laplacian
fractional boundary value problems

Tawanda Gallan Chakuvinga and Fatma Serap Topal*

ABSTRACT. This paper investigates the existence of a single and multiple pos-
itive solutions of fractional differential equations with p-Laplacian by means of
the Green’s function properties, the Guo-Krasnosel’skii fixed point theorem, the
monotone iterative technique accompanied by established sufficient conditions and
the Leggett-Williams fixed point theorem. Additionally, the main results are il-
lustrated by some examples to show their validity.

1. Introduction

The extensive applications of fractional calculus has emerged in numerous fields
of science and engineering which include blood flow phenomena, diffusive transport
akin to diffusion, control theory of dynamical systems and continuum mechanics
among others [7]-[12].

The study of boundary value problems (BVP) to nonlinear fractional differ-
ential equations has evidently proved to be inevitable as an enormous number of
researchers are drawn to the investigation of the existence of positive solutions of
BVPs for nonlinear fractional differential equations see [13], [27]-[28]. Existence
of positive solutions for fractional BVP has expanded and consequently generated
great results in both differential and integral boundary value problems [14]. As
fractional differential equations are effective tools in the description of hereditary
properties of various materials, fractional multi-point problems with non-resonance
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where considered [15]-[17], furthermore, fractional p-Laplace problems were covered
in [6], [18]-[26].

As far as the authors are concerned, there are few papers that cover the existence
of positive solutions of fractional differential equations with p-Laplacian and double
multi point boundary values conditions. As a result, this work is crucial as it
represents an advancement applicable in a vast range of fields with a greater degree
of freedom. The study entailed herein is one of a kind and is motivated by the
literature mentioned. In this paper we concentrate on the existence of positive
solutions for a BVP of fractional differential equations

DP(op(Dy(1))) + f(t,y(t)) =0, te0,1],
y(0) =0,  @p(D"y(0)) =0,

m—2 m—2

Pp(Dy(1) = Y bigy(D°y(&)), Dly(1) = > a;DVy(n;), (1)
i=1 =1

where 1 < a,<2, 0<y<1lsuchthat 0 <a—~v—1, 0<a;b;,n,& <1,

i=1,2,-,m—2 " am <1, S0P b& < 1, f € ([0,1] x [0, +00), 0, +00)),

op(s) = [s|P2s, p > 1, o' = ¢y, %—i—% =1, with D D? and D" are the standard

Riemann-Liouville fractional derivatives.

The paper is structured in such a manner, in Section 2, we will give some nec-
essary definitions and lemmas which are used in the main results.We present the
associated Green’s function with its properties. For clarity, we also state some fixed
point theorems. Section 3, deals with the existence of a single positive solution
followed by a comprehensive example. In Section 4, we will give the multiplicity
results for BVP (1). In the last parts of section 3 and 4, we come up with some
examples to illustrate our main results.

2. Basic Definitions and Preliminaries

We first introduce some necessary definitions and lemmas in this section. The
following auxiliary Lemmas are necessary to illustrate the existence of solutions for
problem (1).

DEFINITION 2.1. [1] The integral

t(p_ g)B-1
Poo) - | %Q(S)d& 2)

where 3 > 0, is the fractional integral of order /3 for a function ¢(t).

DEFINITION 2.2. [1] For a function g(¢) the expression

Dt = o () [ =9 oty ®)
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is called the Riemann-Liouville fractional derivative of order , where n = [5] + 1,
and [3] denotes the integer part of number f.

DEFINITION 2.3. [5] The map 6 is said to be a nonnegative continuous concave
functional on a cone P of a real Banach space K provided that 6 : P — [0, +00) is
continuous and

Otz + (1 —t)y) > th(z) + (1 — t)0(y)
forall z,y,€ Pand 0 <t < 1.

LEMMA 2.1. [1] Assume that g € C(0,1) N L(0,1) with a fractional derivative of
order B > 0 that belongs to C(0,1) N L(0,1). Then

I°DPg(t) = g(t) + cit’ ™t +eot? 2 o Fept? Y, (4)

for some ¢; € R, 1 =1,2,--- /N, where N is the smallest integer greater than or
equal to (.

LEMMA 2.2. [3] Let g € C[0,1]. Then the fractional differential equation

Dy(t) +g(t)

0
vO) =0, D) =Y aDy(n)

3

has a unique solution which is given by

where
G(t,s) = Gi(t,s) + Ga(t, s),
i which
tozfl(l_s)af’yfl_(t_s)afl
G - L 0<s<t<l,
1( 78) - tozfl(lis)af'yfl
——— 0<t<s<1
F(Oé) 9 Y
a; ‘_1—"/—1 a—1 1—s ozf’yfl_al_ a—1 i—S a—y—1
G B ZOSSS’%[ m; t ( AF)(a) t @] ) ]’ te [O, 1]’
Q(t’ S) o Do, <s<1 amﬁiﬂ/ilta_l(lfs)a_v_l (5)
= e : t€10,1],

where A =1—3""2am? 7",

LEMMA 2.3. Let y be a continuous function. Then the linear fractional BV P
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DP(pp(Dy(1)) +9(t) =0,  te0,1],
y(0) =0, @p(D"y(0)) =0,

(D) = 3 by (D). Dy(1) = 3 aDy(n)

has a unique solution given by

y(t) = / G(t, 5)p(s)ds,

where
1 48-1 m—2 1
o) = [ Ht g+ Yo [ H(E s
0 P 0
i which

m—2
B=1-)Y bg™
i=1

e g <s <t <,
H(t, S) $8—1(1—g)P~1
1@ 0<t<s<1,
m—2 ocsce; b€ T (1=8)P 1 =bi(€—s5) 1]
i B 0<s<¢; BE0A) ; tc [07 1]7
Z biH (&) = Y, csct bl H(1—s)P71 (6)
i=1 NG , t €0,1].

ProoF. To simplify BVP (1), we let D%y = w, and v = ¢,(w), so BVP (1)
becomes the following linear BVP

D%(t) = g(t)

v(0) =0 and wv(1)= ibw(&), (7)

where g € L'[0, 1] and g > 0.
From Lemma 2.1 and problem (7), we get
v(t) = e tP 7+ et + IPg(1).

Since v(0) = 0, we have ¢; = 0 and so

v(t) = e tP 1 = IPg(1). (8)
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Considering the boundary condition in problem (7), v(1) = S7"7*bv(&;), we
obtain

- / - i?)ﬁ_lg@ds - mzb e - /5 %9“)“1

=1
m—2 1 _ m—2 _
gor| _ [T (=9 [ (&)
1
1 m—2 &i B
“EE S 6 et
where B =1— 37" % be? ",
Substituting for ¢; into (8), we get
81 1 B 81 m—2 &i B
o) =g |, 0= 9" ateds = s > JACEE e
— ﬁ/o (t —s)""1g(s)ds
NS S PP L R
= F(ﬁ)/o(t s) g<8)d8+F(ﬁ)/0 (1—15)"""g(s)ds
-1 m 2 51 1 1
g 0 [ (-9l
tﬁ_l m—2

— _1 t — 5)P71g(s)ds L — 5)P71g(s)ds

F(ﬁ)/oa P+ g /0<1 JPg(s)d

o A-1 sV g(s)ds 7 A-1 1 $)P1g(s)ds
gt 0 s+ gl [0 et
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-1 Em—2 5
- mbm—2/o (Em—2z—5)"g(s)ds

ﬁlmQ
/Hts ds+— /Hgl,

where
Cla B g <s <<,
H(t, S) = tﬂ—l(lis)ﬁ—l
—TE 0<t<s<,
_ b;eP 7 (1—s)8-1 —b;(&;—s)B1
m—2 B ZO<S<§ [ £ (BF(;) (£ ) ] t E [07 1]7
> biH (& s) = 5 bigf 1 (1—5)~1
£;<s<1 7t5q
i=1 B : t €[0,1],

This completes the proof.
O

LEMMA 2.4. [2] If "7 2 ain 7" < 1, then the function G(t,s) in (5) satisfies
the following conditions:

(1) G(t,s) > 0, for s,t € (0,1),
(2) G(t,5) < G(t,s) < Gu(s,8), for s,t €[0,1],

where
G(t,s) = Gi(t,s) + Gy(t, s),
in which
o ta_l(l _ S)a—l
Gl (ta 8) - F(Oé)
— a1 = s)0 )
GQ(tJ 8) - AF( ) )
G.(s,5) = max G, (t,s) + max Gs(t, s).
t€(0,1] t€(0,1]

(3) G(t,s) > t*"'G(1,s) for all s,t € [0,1].

LEMMA 2.5. The function H(t,s) defined by (6) respectively satisfy the following
conditions:
(1) H(t,s) >0 and H(t,s) < H(s,s) for s,t € [0,1],
(2) there exist a positive function g, € C|0, 1] such that

min H(t,s) > g2(s)H(s, s) for s € [0,1],

9<t<o

where

581 (1—s)B—1—(6—5)P—1 .
= = , if s €0, mq],
g2(s) = { =1 (1-s)P 1 f s €10,m]

(%)6_1, if s € [mq, 1]
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for0 <9 <my <d<1,

1 T
(3) maxogtgl fO H(t, S)dS = %

47

PROOF. The proof will be given in three parts. By definition of H(t, s), for all

(t,s) € [0,1] x [0,1] if s < ¢ it can be expressed as:

H@$=;%¢W1—QW*—@—$“U

if t < s, it can be easily be seen that H(t,s) > 0 for all (¢,s) € [0,1] x [0, 1].

Considering H(t,s) for s < t, we define

Ly(t,s) =171 (1= )" = (t —5)"

then
OLI) (g~ =21 — 5 = (5= 1)t~ 5)
<( = 1)1 =5 (5 1)1 -
<@E-DA =9 = (1=5)7]
<0,

which implies that Ly (¢, s) is non-increasing for all s € [0, 1], therefore, we get

Ly(t,s) < Ly(s,s) forall0 <s<t<1.

(9)

Then, by definition of H and (6), we obtain that H(t,s) < H(s,s) for all s,t € [0, 1].

We now let

Ju(t,s) = (t(1 —s))’ " fort <s<1.

We can see that Ly(t, s) is non-increasing for s < ¢, and Jy (¢, s) to be non-decreasing

for all s € [0,1] then

. 1 JLu(,s), s € [0,mq],
ﬂrggaﬂ(t, 5) = I'(B) {JH((S, s), s € [mq, 1],
BN V(1 —8))P~t — (9 — )71 s€[0,my],
L(B) | (6(1 =), s € [my, 1],

for ¥ < my < ¢ satisfies the equation

(01 =) = (9= 5)"" = (6(1 = 5))"".



48 TAWANDA GALLAN CHAKUVINGA AND FATMA SERAP TOPAL*

By the monotonicity of Ly and Jy, we have
_ (s(1=9)"
max H(t,s) = H(s,s) = T (10)
we assign go(s) as stated from Lemma 2.5, it is clear that for s € [0,m4], s < ¢
(1=5)8)"1 = (051 (s(1—2))""
(t(1 —s))7! L(B)

_5)6)PL _ (5 — 5)51
< ()[((1 )9) (0 —s)""],

since go(s) is non-increasing, for ¥ < 4, we get
1—5)9)~t — (¥ —s)ft
IN(S)

g2(s)H (s, s)

,1

go(s)H (s, 5) < U

Therefore,
min H(t,s) > g2(s)H(s, s).

9<s,t<8

Also, since g(s) is non-decreasing for s € [my, 1], t < s and ¥ < 4,

92(5)H(s, ) (?)mx L (51— s

s I'(8)
1
< Lja- sy
I'(s)
1
< —[(1—5)8)°t
< sl
Therefore,
> .
19gsntriéH(t s) > ga(s)H (s, s) for all s,t € [0, 1]
By the Beta integral function B(u,v) fo tv=H(1 — t)*"idt, for u,v € R and
B(u,v) = F((“JJIZSJ”)), using equation (10) we get

1 m—2
ggta<)(1< Ht$d8+—zb/Hfz> )
:m/((l—sﬁlds—i— Zb/ (s(1—s))""tds

_ LB +%mz:bi]. (11)

Therefore,

max /1 H(t,s)ds = IF(—ﬁ)

0<t<1 J,



p-LAPLACIAN FRACTIONAL BOUNDARY VALUE PROBLEMS 49

This completes the proof. O

Furthermore, we consider the following fixed point theorems and lemmas to show
existence results.

THEOREM 2.6. [4] Let K be a Banach space. P C K be a cone, and §y,
be two bounded open balls of K centred at the origin with Q4 C Qo. Suppose that
T:PN(Q\ Q) — P is completely continuous operator such that either

W) [Tyl < lyll, y € PN and | Tyll = |lyll, vy € PN, or
@) 179l > lyl, y € P10y and Ty < llgll, y € POy holds.

Then T has a fized point in PN () \ Q.

Let a,b,c > 0 be constants, P. = {y € P: |ly|| < ¢},
P(0,b,d) ={y € P:b<0(y),llyll <d}.

THEOREM 2.7. [5] Let P be a cone in a real Banach space K.
P.={z € P|||z|| < ¢}, 0 be a nonnegative continuous concave functional on P such
that O(x) < ||z|| for all z € P, and
P(0,b,d) = {x € P|b < 0(x),|z| < d}. Suppose B : P. — P, is completely
continuous and there exist constants 0 < a < b < d < ¢ such that

(C1) {z € P(0,b,d)|0(x) > b= 0} and O(Bz) > b for x € P(0,b,d);

(Cy) ||Bzx|| < a for x < a;

(C3) 8(Bx) > b for x € P(0,b,c) with |Bx| > d.
Then B has at least three fized points x1,xe and x3 with ||x1]] < a, b < 0(z2),
a < ||zs|| with 6(x3) < b.

Let K = C[0,1] be endowed with ||y|| = maxo<¢<1 |y(t)|. We define the cone
P C Kby P={y € Kly(t) > 0}. Let the nonnegative continuous concave
functional 6 on the cone P be defined by

0(y) = Jon, ly(t)|, where 0<v<d<1.

DEFINITION 2.4. A bounded linear operator T, acting from a Banach space X
into another space Y, that transforms weakly-convergent sequences in X to norm-
convergent sequences in Y. Equivalently, an operator T' is completely-continuous
if it maps every relatively weakly compact subset of X into a relatively compact
subset of Y.

LEMMA 2.8. Let T : P — K be the operator defined by
(Ty)(t) =
_1 m—2
[ e, ( [ s+ > 1 H(&,T)f(77y(7))d7> ds.
(12)
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Then T : P — P 1is completely continuous.

PROOF. Let y € P, by the nonnegativeness and continuity of G(t, s), H(t, s) and
f(t,y(t)), we get T': P — P is continuous.
Let Q C P be bounded, thus, there exists a positive constant M > 0 such that

=LV >

((Ty) ()| =

/01 G(t,8)p, (/01 H(s,7)f(r,y(T))dr + ;1 3 / H(&, ) f(r,y(r ))d7> ds
< qu/olG(t,s)goq (/OlH(S,T)dT—I— ﬁBl - / H(&, T dT) ds

LT3 ] M2 =t
9 (1 335" [ e

< +00.

which implies that 7°(€2) is uniformly bounded.

Also, by the continuity of G(t,s) and H(t,s) on [0,1] x [0,1], we know that this
is uniformly continuous on [0, 1] x [0, 1]. Therefore, for fixed s € [0,1] and for any
e > 0, there exists a constant 6 > 0, such that t1,t, € [0,1] and [t; — 2] < 4,

|G<t1,s>_a<t2,s>|<%[” ( Zb)]

Thus, for all y € €,

(@)~ )] < [ 1605~ Gles) [?—” (1%@)] is

2
< v, [%?; (1%2@ ]/ Glta,5) — Gltr,)lds

< g

which means that 7'(€2) is equicontinuous and by the Arzella-Ascoli theorem, we
obtain T': P — P is completely continuous. O
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3. Existence of a single positive solution for BVP (1)

For convenience sake, we denote

|l (o5 S| [ o]
”Qm>4.

THEOREM 3.1. Let f(t,y) be continuous on [0,1] x [0,400). Assume that there
exist two positive constants as > a1 > 0 such that

(Al) f(tay) Z @p(Nal) fO’I“ (t7y) € [07 1] X [Oval];
(AQ) f(t7y) S @p(MGQ) fO’I“ (tay) € [07 1] X [O,CLQ]-

Then the fractional differential equation boundary value problem (1) has at least one
positive solution y such that a; < |ly|| < as.

(]

[ ro - § 1
N = / G, 5)g, ( / go(r)H(r,7) (1 =

3

IIM

PrROOF. By Lemma 2.8, we can ascertain that 7': P — P is completely contin-
uous and the fractional differential equation BVP (1) has a solution y = y(¢) if and
only if y solves the operator equation y = Ty(t).

The proof is presented in two steps.

Step 1: Let Qy := {y € Pl|ly|| < a1}. For y € 9 we get 0 < y(t) < a; for all
t €[0,1]. Tt follows from (A;) that ¢ € [0, ],

(Ty)(t) =

1 1 55 1 m 2
/0 G(t, s)pq (/0 H(s,7)f(r,y(T))dr + / H(&,7)f(r,y(r ))dT) ds
> Na, /1 t*1G(1, 8) g, (/5 go(T)H (T, 7) (1 + 3 bi> d7'> ds
0 9 —
é ) m—2
> ./\/’al/19 t1G(1, 8)p, (/19 g2(T)H (T, 7) (1 +% ' bi> d7'> ds

= [lyll-

@~

~

Therefore,

1Tyl =yl for y e 9.
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Step 2: Let Q9 := {y € P||ly|| < a2}. For y € 0Qs, we get 0 < y(t) < ap for all
t €[0,1]. Tt follows from (As) that for ¢ € [0, 1].

1Ty = max

/01 G(t, 5)p (/01 H(s, 7)f(r,y(r))dr + 5

B—1 m—2

Zbi/o H(fi,T)f(T,y(T))dr> ds

re (12 N7
< May [F(2ﬁ) (1 + 5 ZZ:; bl>] /0 G.(s,s)ds

= az = |yl
Thus,
[Tyl <yl for y e 0Qs.
Then, by Theorem 2.6, this completes the proof. 0

ExAMPLE 3.1. Consider the following boundary value problem:

D?(p(Dy(1))) + f(t,y(t) =0, telo,1],

y(0) =0, ¢, (DY(0)) =0,
m—2 m—2
op(Dy(1)) = Z aipy(Dy(&)), DYy(1) = Z b Dy (1), (13)
=1 i—1
where
1 1
f(tay(t)) = m (135 + y 100 + 2t> ,
a:%’ B:%’ ’y:%’ p=q=2, m=4, al:blzéa a2:b2:%7 61:%7
= %’62 =12 = %7
and f € C([0,1] x [0,400), [0,+00)).
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We set ¥ = £ and § = 2. By computation we see that A = 3, B = 0.57666,
3 3 10

and
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We set a1 = 1 and ay = 17, therefore

1
fty) = 1o (135 + oyt + 2t> > 1.35 > ¢, (Nay) ~ 1.3368

for (¢,y) € [0,1] x [0, 1],
f(tv y) - 10
for (t,y) €|

By Theorem 3.1, the fractional differential equation BVP (13) has at least one
solution y such that 1 < ||y|| < 17.

135 + y 10 + 2t> < 1.3803 < ¢, (Mas) = 1.4586
| % [0,17].

o O

‘H
—

)

4. Existence of multiple positive solution

Assume the following hold:

(Hy) f:]0,1] x [0,400) — (0, +00) is continuous and nondecreasing, and there
exists a constant 41 > 0 such that, for any ¢ € [0, 1],y € [0, +00),

ft,cry) > ' f(t,y) for 0 < ¢y < 1. (14)
Remark 1. By (14), for any ¢; > 1, (t,y) € [0,1] x [0, 4+00), it is clear that
f(t7 Cly) < C’lnf(t7y)

Since T is completely continuous by Lemma 2.8, we also notice the monotonicity of
f on y and the definition of T', it is easy to see that the operator 1" is nondecreasing.
We define

| = t1). 1
tgl[gfﬁf(,) (15)

THEOREM 4.1. Suppose condition (Hy) hold. If there ezists a positive constant
b > 1 such that

—~1(g—1
. 7(g—1) (16)

where [ is defined by (15), then the BVP (1) has the maximal and minimal solutions
v* and w*, which are positive, and there exist two positive constants m; < msy such
that

where



p-LAPLACIAN FRACTIONAL BOUNDARY VALUE PROBLEMS 55
Furthermore, for initial values vy = by and yj = 0, we define the iterative sequences
vy and y; by

vp(t) = (Top_)(1) = T v (1),

n n—1
w(t) = (Twy_y)(t) = T"wp (2).
Then,
lim v, =7", lim w, =w"
n—-+00 n—-+00

for t € [0,1] uniformly, respectively.

PROOF. Let By, = {y € P: 0 < ||y|| < b1}; we prove T'(By,) C By,. Since for
any y € By,, we have

0 <y(t) < max y(t) = [ly|| < bi.
te(0,1]

By (Hy), we get

0< f(t,yt) <f(t 1)
<b' f(t,1) < b max f(¢,1) = 1b]".
tel0,1]

It follows from Lemma 2.8 that 7" : P — P is completely continuous operator,
therefore by (16) and (19), we get

1
ITuOl = o [ Gle.s)e

_1 m—2
sP-1

( | st =3 H(&,T)f(T,y(T))dT> ds

=1

< (Ipm)rt [% (1 + % Z_ bz>] /0 G.(s, s)ds

(o)
M
< by,
which implies that T'(By,) C By, -
Let w§(t) = 0,t € [0, 1], then w(t) € By,. Welet wi(t) = (Tw§)(t), we get wi € By,.
We denote

wiy=Tw, =T""wy, n=1,2,- .
It follows from T'(By,) C By, that w! € By,. Since T is compact, we have {w}} is

sequentially compact set. By wi = Twj =10 € By, we get
wi (t) =(Twg)(t)
=(T0)(t) > 0 =wg(t), te][0,1].



56 TAWANDA GALLAN CHAKUVINGA AND FATMA SERAP TOPAL*

By induction, we have

wy > wy, n=0,1,2,---.
As a result, there exists w* € By, such that w} — w*. We let n — +o00, from the
continuity of 7" and Tw; = w;;_,, we get Tw* = w*, which implies that w* is a
positive solution of BVP (1). Since f : [0,1] x [0,00) — (0,+00) it is evident that
the zero function is not the solution of BVP (1), therefore, maxo<;<1 [w*(¢)| > 0; by
w* € P, we get
thus, w*(t) is a positive solution of BVP (1).
Conversely, let vi(t) = by,t € [0,1], then vi(t) € By,. We let v = T, clearly we
have v} € B;,. We denote

v =T, = T g, n=1,2,--.

It follows from T'(By,) C By, that

vy € By, n=0,1,2,---. (18)

Since T' is compact by Lemma 2.8, we can see that {v}} is a sequentially compact
set. Since vj € By,, we have

0 <wi(t) < [lop]l < b =v5(t).
If follows from Lemma 2.8 that T': P — P is nondecreasing, therefore
vy =Tv) < Toy = 7.

As a result, there exists v* € By, such that v} — v*. We let n — +o00, from

the continuity of 7" and T} = v;_,, we get T0* = v*, which implies that v* is a
nonnegative solution of BVP (1).

We note that v§ = byw§ = 0,¢ € [0, 1], therefore it follows from monotonicity of T
that Tv; > Twg: by induction, we get v > w;,n = 0,1,2,---, which implies that

v* > w*. therefore by (17) we get
vt >w" > ||[v|g:(t) > 0, t € (0,1).

This implies that v* is also a positive solution of BVP (1). Finally, we let u* be any
fixed point of T in By, , then

and then

By induction we get



p-LAPLACIAN FRACTIONAL BOUNDARY VALUE PROBLEMS 57

This implies that 7" and @w* are maximal and minimal solutions of the BVP (1). Let
my = |[|[w*||, me = ||7*]|, then we get
magi(t) <V (t) < by,
m1g1(t) S @*(t) S bl, te [0, 1]
This completes the proof. O
COROLLARY 4.1.1. Suppose condition (Hy) holds. If
1 <p-—1L (19)

Then there exists a constant by > 1 such that BVP (1) has the mazimal and minimal
solutions v* and w*, which are positive, and there exist two positive constants
my < meq such that

magi(t) < T (t) < by,
<w(t) < by, te]0,1].
Furthermore, for initial values v = by and wi = 0, we define the iterative sequences
vy and w; by
v (t) = (T _1)(t) = T"vg,

wy, (1) = (Twy, 1) (t) = T"wy.

n

Then
lim v, =7", lim w, =w"
n—-+o0o n—-+oo

for t € [0,1] uniformly, respectively.

Proor. It follows from v; < p — 1 that

which implies that there exists b > 2 sufficiently large such that

b’lyl Mp—l
< 20
bllifl l ( )
Since }D + % =1, (20) becomes
ja-1 (g
i < b} m(g=1)
By Theorem 4.1, the conclusion of Corollary 4.1.1 holds. U

Remark 2. In Corollary 4.1.1, we ascertained that (1) has maximal and minimal
solutions v* and w* only by comparing p — 1 to ;. Thus, (19) is satisfied.
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EXAMPLE 4.1. Consider the following boundary value problem:

DP (o (D () + f(t,y(t)) = t €10,1],
y(0) =0, ¢p(D%y(0)) =0,
m—2 m—2
ep(Dy(1) = 3 aipp(Dy(&)),  D7y(1) = D biD7y(m), (21)
where
ft,y(t) = sinty(t) + t*y=(t)
Og:%’ /8:%7 ’7:%7 p:37 m_47 al_blzéu a2:b2:%7 51:%7
7]1=$7§2=7hzé
and f € C([0,1] x [0, 4+00), [0,4+0c0)).
For any 0 < ¢ <1 and y € [0, +00), we get

=

f(t, cy) =sint(cy) + t*(cy)
> sint(cy) + t*c(y)
ch(ta y)'

D=

Setting v; = 1, then
= 1< b 1= 27

which implies that (4) holds. By Corollary 4.1.1, BVP (21) has at least two positive
solutions.

THEOREM 4.2. Let f(t,y) be continuous on [0, 1] x [0,400). Assume that there
exist constants 0 < a < b < ¢ such that the following assumptions hold;

(B1) f(t,y) < pp(Ma) for (t,y) € [0,1] x [0,a];
(B2) f(t,y) > pp(ND) for (t,y) € [0,0] x [b,d];
(B3) f(t,y) < op(Mec) for (t,y) € [0,1] x [0, c].

Then the fractional differential equation boundary value problem (1) has at least
three positive solutions y1,yo and ys with

max [y ()] <a, b< min fyp(t)] < max |p(t)] < c,
< .
a < max [ys(t)] < c, ;gtlgglys( I<b

ProoOF. By Lemma 2.8, we get that T : P — P is completely continuous and
the fractional differential equation BVP (1) has a solution y = y(¢) if and only if y
satisfies the operator equation y = Ty(t).

We ascertain that all conditions of Theorem 2.7 are satisfied. Ify € P, then ||y|| < c.
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By (Bs), we have

ITy(®) = max / G(t. 5)¢,

0<t<1

1 $B—1 m 2
( | s amnar+ 5 / H(& ) (r(r >>dr>d

r(g) 1A\
< Me [m (1 + 3 Zz:; bl>] /0 G.(s,s)ds

= C.

Thus, T : P. — P.. Similarly, if y € P,, then assumption (B;) yields ||Ty| < a.
Hence, condition (Cy) of Theorem 2.7 is satisfied. To verify condition (C;), we
choose y(t) = b+c ,0 <t < 1. It is obvious that y(t) = (bi € P(0,b,c) then
bﬁy(t)ﬁcforﬁgtgd Thus,

—2

.-

o))

therefore, 0(Ty) > b for all y € P(0,b,c). We set d = ¢, this implies that condition
(C) of Theorem 2.7 is satisfied.

Similarly, if y € P(0,b,¢) and || Ty|| > ¢ = d, we obtain §(Ty) > b. Then condition
(C3) of Theorem 2.7 is also satisfied. From Theorem 2.7, the fractional differential
equation BVP (1) has at least three positive solutions 1, y, and ys, satisfying

0(Ty) = min [Ty(t)]

9<t<s

Nb/olta_lG(l,s)gpq (/OIQQ(T)H <1+ !
> Nb/;talG(l,s)apq (/:gQ(T)H <1+

s b,

>
Mw HMS

| =

7

ma (0] <o, b< uin [p(0)]
o < max|ys(t),  min, s(1)] <.
This completes the proof. O

ExaMPLE 4.2. Consider the following boundary value problem:

D%(p(Dy (1)) + f(t.y(t)) =0,  te[0,1],
y(0) =0, %(D“y(o)) =0,

Pp(Dy( Z aipp(D*y(&)), Dyl Z 0Dy (n:), (22)

=1
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where

27,3 t
2y + 1k for y < 1,
ftyt) = {33 ,

%yx’)—i—mforyZl,

Oé:%, B:%a ’V:%a p:q:27 m:47 alzblzéa a2:b2:%7 51:%7

T :%762:772:%’

and f € C([0,1] x [0,4+00), [0,+00)).

We set ¥ = %,5 = %,a = 0.23,b = 1 and C = 100. By computation, we see that

A=3,

B = 0.57666, N' = 1.3368 and M = 0.0858. Thus,
27 t

flt,y) = %;{ﬁ + To0g < 0.0174 < po(Ma) = 0.0197 for (t,y) € [0,1] x [0,0.23],

f(t )—g %+L>135> (Nb) ~ 1.3368 for (t,y) € 12 x [1,100]

Y _20y 1000 = . ¥2 ~ L. Y 373 ) )

27 = t

ft,y) = 2—0yg + 1000 < 8.5190 < po(Mc) = 8.58 for (t,y) € [0, 1] x [0, 100].

By Theorem 4.2, the fractional differential equation BVP (22) has at least three
positive solutions y1, y» and y3 with

. <
. 1 3 12 < l‘l 3 12 l.
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