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Bifuzzy d-algebras under norms

Rasul Rasuli

ABSTRACT. In this paper, by using norms (¢{-norms and ¢-conorms), we introduce
the notions of bifuzzy d-algebras and bifuzzy d-ideals of d-algebras and investigate
several interesting properties of them. Next, we consider the intersection and
product of them. Finally we obtain some results about them under d-algebra
homomorphisms.

1. Introduction

The notion of d-algebras was introduced and investigated by Neggers and Kim
[10]. The concept of d-ideals in d-algebra was introduced by Neggers, et al. [11]. The
concept of fuzzy sets was introduced by Zadeh [31]. The notion of fuzzy subalgebras
and d-ideals in d-algebras was introduced by Akram and Dar [2]. Intuitionistic fuzzy
set (in short IFS) introduced by Atanassov [3] as a generalization of fuzzy set theory
enables us to describe this difference. IFS theory is conveniently and successfully
applied in Abstract Algebra. The concept of intuitionistic fuzzy d-algebras was
introduced and investigated by Jun, et al. [8]. The concept of intuitionistic fuzzy
Dot d-ideals of d-algebras was introduced by Barbhuiya and Basnet [4]. The concept
of intuitionistic fuzzy d-ideals of d-algebras was introduced by Hasan [7]. The norms,
originated from the studies of probabilistic metric spaces. The author by using
norms, investigated some properties of fuzzy algebraic structures [10]-[30]. In this
paper, we define bifuzzy subalgebras of d-algebra X under norms ( ¢-norm 7' and
t-conorm C') as BFSN(X) and bifuzzy d-ideals of d-algebra X under norms ( t-
norm 7" and t-conorm C') as BFDIN(X) and characterize them. Next we prove
that if A,B € BFSN(X) and C,D € BFDIN(X), then AN B € BFSN(X)
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and C N D € BFDIN(X). Also we prove that A x B € BFSN(X x Y) and
C x D e BFDIN(X xY). Finally we prove that p(A) € BFSN(Y) and ¢~ !(B) €
BFSN(X) also ¢(C) € BFDIN(Y) and ¢ '(D) € BFSN(X) under d-algebra
homomorphism ¢ : X = Y.

2. Preliminaries

In this section we cite the fundamental definitions and results that will be used
in the sequel:

Definition 2.1. (See [10]) A nonempty set X with a constant 0 and a binary
operation x is called a d-algebra, if it satisfies the following axioms:
(1) zxz =0,
(2) 0%z =0,
(3)if zxy=0and y*x =0, then x =y,
for all z,y € X.

Definition 2.2. (See [11]) Let S be a non-empty subset of a d-algebra X, then
S is called subalgebra of X if xxy € S, for all z,y € S.

Definition 2.3. (See [11]) Let X be a d-algebra and I be a subset of X, then
I is called d-ideal of X if it satisfies following conditions:
(1) 0 eI,
(2)ifexyelandye€l, thenz eI,
(B)ifzelandye X, thenzxy € [.

Definition 2.4. (See [10]) A mapping f : X — Y of d-algebras is called a
homomorphism if f(x *xy) = f(z) * f(y), for all z,y € X.

Definition 2.5. (See [9]) Let X be an arbitrary set. A fuzzy subset of X, we
mean a function from X into [0, 1]. The set of all fuzzy subsets of X is called the
[0, 1]-power set of X and is denoted [0, 1]X. For a fixed s € [0, 1], the set u, = {z €
X : p(z) > s} is called an upper level of p and the set puy = {z € X : p(x) <t} is
called a lower level of p.

Definition 2.6. (See [3, 6]) Let X be a nonempty set. An intuitionistic fuzzy set
is an object of the form: A = {(x, pa(z),va(z)) : z € X} such that pa,va € [0,1]F
and for all + € X we have 0 < pa(z) + va(xz) < 1. This object is also called a
bifuzzy set. For the sake of simplicity, we shall use the symbol A = (ua,v4) for the
A={(x,pa(x),va(x)):x € X}.
We denote the set of all bifuzzy sets of X under S by BF(X).

Definition 2.7. (See [10]) Let A = (pa,va) € BF(X) and B = (up,vp) €
BF(X). Define
AﬂB == (MAQB,VAOB) X = [0, 1]
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as panp(x) = T(ua(z), pp(z)) and vanp(z) = C(va(z),vp(z)) for all x € X.

Definition 2.8. (See [10]) Let A = (pa,v4) € BF(X) and B = (up,vp) €
BF(Y). The cartesian product of A and B is denoted by A x B: X xY — [0,1] is
defined by

(A x B)(x,y) = ((1a,va) X (s, v8))(2,y) = (haxp, Vaxs) (T, y)

= (naxp(x,y), vaxp(z,y)) = (T(na(z), ps(Y)), C(va(x), vB(Y)))
for all (z,y) € X x Y.

Definition 2.9. (See [3]) Let ¢ be a function from set X into set Y such that
A = (ua,va) € BF(X) and B = (up,vg) € BF(Y). For all z € X,y € Y, with
»~(y) # 0 we define p(A)(y) = (¢(14)(y), p(va)(y)) such that

o(pa)(y) = sup{pa(z) [z € X, p(z) =y}
and

o(va)(y) = inf{pa(z) [z € X, p(z) = y}.
And if o~ (y) = 0, then p(A)(y) = (p(1a)(y), (ra)(y)) = (0,1).

Also
e (B)(x) = (¢~ (uB)(2), ¢ (vB)(2) = (nB(p(2)), vB(P(2))).

Definition 2.10. (See [5]) A t-norm T is a function 7" : [0,1] x [0,1] — [0, 1]
having the following four properties:
(T1) T(x,1) = x (neutral element),
(T2) T(x,y) < T(z,z2) if y < z (monotonicity),
(T3) T'(x,y) = T(y,x) (commutativity),
(T4) T(x,T(y,2)) = T(T(x,y), z) (associativity),
for all z,y, z € [0,1].

It is clear that if x; > x5 and y; > yo, then T'(z1,y1) > T(z2, y2).

Example 2.11. (1) Standard intersection t-norm 7, (z,y) = min{z, y}.
(2) Bounded sum t-norm Tjy(x,y) = max{0,z +y — 1}.
(3) algebraic product t-norm T,(z,y) = xy.
(4) Drastic t-norm
y ifx=1
Tp(z,y) =< z ify=1
0 otherwise.

(5) Nilpotent minimum ¢-norm

min{z,y} ifrx+y>1
0 otherwise.

Tom(z,y) = {
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(6) Hamacher product T-norm

0 fe=y=0
jkh(xay):: { Ty

otherwise.
T+y—ry

The drastic t-norm is the pointwise smallest ¢-norm and the minimum is the
pointwise largest t-norm: Tp(x,y) < T(z,y) < Tmn(x,y) for all z,y € [0, 1].

Definition 2.12. (See [5]) A t-norm C'is a function C : [0, 1] x [0,1] — [0, 1]
having the following four properties:
(1) C(,0) =
(2) Clz,y) < (%Z)
(3) Clz,y) = Cly,x),
(4) C(z,C(y, 2)) = C(C(z,y),2) ,
for all z,y,z € [0, 1].

We say that T" and C' be idempotent if for all € [0, 1] we have T'(z,z) = x and
C(z,z) = x.

Example 2.13. The basic t-conorms are

Cm(z,y) = max{z, y},
Cy(z,y) = min{l,x + y}
and
Cplz,y) =x+y—xy
for all z,y € [0, 1].
Sy, is standard union, C} is bounded sum, C,, is algebraic sum.

Lemma 2.1. (See [1]) Let C be a t-conorm and T be a t-norm. Then
C(C(z,y), C(w, 2)) = C(C(x,w), C(y, 2)),

and
T(T(x,y), T(w,2)) =T(T(z,w), T(y, 2)),
for all x,y,w, z € [0,1].

3. Bifuzzy d-algebras under norms
Throughout this section we let that X, Y will be two d-algebras.

Definition 3.1. Let A = (ua,v4) € BF(X) then A is called a bifuzzy subalge-
bra of X under norms ( ¢-norm 7" and t-conorm C') if
(1) palz *y) > T(pa(z), pa(y)),
(2) va(z xy) < Cva(z),va(y))
for all z,y € X.
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Denote by BFSN(X), the set of all bifuzzy subalgebras of X under norms ( t-norm
T and t-conorm C).

Example 3.2. Let X = {0, 1,2} be a set given by the following Cayley table:

Then (X, *,0) is a d-algebra.
Define fuzzy subset pa : (X, *,0) — [0,1] as
)= {025 =0
HAEI =Y 055 itz #0

and

va() = 0.65 ifx=0
AT 015 ifz £0.

Let T(a,b) = Ty(a,b) = ab and C(a,b) = Cy(a,b) = a+ b — ab, for all a,b € [0, 1],
then A = (ua,va) € BFSN(X).

Proposition 3.1. Let A = (ua,va) € BF(X) and T,C be idempotent. Then
A= (pa,va) € BFSN(X) if and only if the Asy = {x € X : pa(z) > s,va(x) < t}
is either empty or a subalgebra of X for every t € [0, 1].

PROOF. Let A = (ua,va) € BFSN(X) and x,y € Ag;. Then
palzxy) = T(pa(z), paly)) =2 T(s,s) = s

and

va(zxy) < Cvalz),valy)) < C(tt) =t
thus z %y € Ag; and so A,; will be a subalgebra of X for every t € [0, 1].
Conversely, let Ay, is either empty or a subalgebra of X for every ¢t € [0,1]. Let
s=T(pa(x),na(y)) and t = C(va(z),va(y)) and z,y € Ass. As Ag, is a subalgebra
of X soxxy € A, and thus

pa(xy) > s =T(pa(z), paly))
and
va(zxy) <t =C(va(),va(y))
so A= (pa,va) € BFSN(X). O

Proposition 3.2. Let M be a subalgebra of a d-algebra X and A = (pua,va) €
BF(M) with
B | (s,t) ifxeM
A = (uataa) = { o) S
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and s,t € (0,1).
If T, C be idempotent, then A = (pua,va) € BFSN(X).

ProOOF. Undoubtedly A = A,;. Let x,y € X and we have the followin condi-
tions.
(1) If z,y € M, then x xy € M and so

pary) = s > s = T(s,5) = Tua(x), pa(x))
and
vaz ) =t <t = C(t,t) = Clua(a), va(x)).
(2) If If 2 € M and y ¢ M, then pa(x) = s and pa(y) = 0 then
pa(ry) > 0="T(s,0) = T(ua(x), paly))-
Also va(x) =t and v4(y) = 1 then
va(zxy) <1=C(t 1) = Cra(z),vay)).

(3) If x ¢ M and y € M then it will be similar to (2).
(4) If e ¢ M and y ¢ M, then pus(z) =0 and pa(y) = 0 and so

palexy) = 0="T(0,0) = T(na(x), pa(y))
Also v4(z) = 1 and v4(y) = 1 and so
va(rxy) <1=C(1,1) = C(va(z), va(y)).
Now as (1)-(4) we get that A = (pa,va) € BFSN(X). O
Corollary 3.3. Let M be a subset of X. Let

1,0) ifzeM
) = Guatoate)) = { (09) 400
be the characteristic function. Then xp € BFSN(X) if and only if M is a subal-
gebra of X.

Proposition 3.4. Let A = (pa,va) € BFSN(X) and B = (ug,vp) € BFSN(X
then ANB € BFSN(X).

PrOOF. Let xz,y € X. Then

pans(@ *y) = T(pa(z xy), pe(x * y))

7(

> T(T(palx), pa(y)

T(T(pal(x), p ( );
= T(pans(®), pans(y

HANB(Z

HanBY
thus
pans(x*xy) > T(pans(x), pans(y)).
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Also
vans(z xy) = C(va(z xy), vp(z * y))
< C(Cwa(z),valy)), Clvs(z), ve(y)))
= C(C(va(z),vp(2)), C(va(y), vs(y)))
= C(vans(2), vansB(y))
then

Vana(z *y) < C(vans(2),va08(Y)).
Thus AN B = (anp, Vans) € BFSN(X). O

Proposition 3.5. If A = (ua,va) € BFSN(X) and ¢ : X — Y be a homo-
morphism of d-algebras, then p(A) € BFSN(Y').
PROOF. Let yi,y2 € Y and x1, 29 € X such that ¢(z1) = y; and p(x2) = yo.
Then
p(a) (1 * y2) = sup{pa(ay * 22) [ 21, 22 € X, 0(21) = Y1, 0(22) = 42}
> sup{T(pa(z1), pa(z2) | 1,22 € X, 0(21) = Y1, p(22) = y2}
= T(sup{pa(z1)|z1 € X, p(x1) =y}, sup{pa(z2)|z2 € X, 0(22) = ya})
= T(p(pa) (1), p(pa)(y2))-
Thus
p(ra) (1 * y2) = T(p(pa) (1), o(1a) (y2))-
Also
p(va)(yr * y2) = mf{va(zy * 22) [ 21,22 € X, (1) = y1, p(22) = 12}
< Inf{C(va(ay), va(as) | 21, 22 € X, p(21) = y1, p(22) = y2}
= C(inf{va(z1)|r1 € X, p(z1) = 1}, inf{va(z2)|r2 € X, p(z2) = y2})
= Cle(va)(y1), e(va)(y2))

SO

e(va)(y *y2) < Clo(va) (), e(va)(y2))-
Then ¢(A) = (¢(pa), p(va)) € BFSN(Y). O

Proposition 3.6. If B = (ug,vg) € BFSN(Y) and ¢ : X = Y be a homo-
morphism of d-algebras, then ¢~ 1(B) € BFSN(X).

PRrOOF. Let x1,25 € X. Then
o~ (1B) (21 % 22) = pp(@(ar * 22))
= MB(SO 1) * p(72))
> T(up(e(1)), pp(p(z2)))
T(p™ (pup)(21), ¢~ (18) (22))
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thus
¢~ () (1 22) > T(p™ (up) (1), ¢~ (1B) (22)).
Also
¢ (vB)(z1 % 22) = vp(p(21 * 22))
= vp(p(r1) * p(72))
< C(vp(p(z1)), vp(p(22)))
= Cle™ (vp)(a1), ¢~ (v)(a2))
then
p () (a1 x 22) < Cp™ () (a1), ¢~ (vB)(72))
Therefore ¢~ '(B) = (¢ (ug), ¢~ (vg)) € BFSN(X). O

Proposition 3.7. Let A = (ua,va) € BFSN(X) and B = (up,vp) € BFSN(Y).
Then A x B € BFSN(X x Y).

PROOF. Let (z1,41), (z2,92) € X x Y. Then

(axs)(@1,y1) * (T2, 2)) = (paxp)(T1 * T2, Y1 * Yo)

= T(palzy * x2), pp(yr * y2))
> T(T(pal(z1), pa(x2)), T(1(W1), 1e(Y2)))
= T(T(pa(@1), peW)), T(pa(@2), k5 (y2))) (Lemma 2.1)
= T(axs(21,91), baxs(T2,92))

thus

paxp((T1,y1) * (v2,92)) > T(paxs(T1,91), paxp(T2, ya))-
Also

(VaxB)(z1,y1) * (T2, 2)) = (Vaxp) (1 * T2, Y1 * y2)

= C(valzy * x2), vp(y1 * y2))
< C(C(va(w), valz2)), Cvs(n), ve(y2)))
= C(C(va(z1),ve(y1)), C(valz2), vp(y2))) (Lemma 2.1)
= C(vaxB(T1,91), VaxB(T2, Y2))
then
Vax((1,91) * (72,12)) < C(vaxp(1,91), Vaxp(T2, y2)).
Therefore

Ax B= (MAXB;VAXB) S BFSN(X X Y)
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4. Bifuzzy d-ideals of d-algebras under norms

Definition 4.1. We say that A = (ua,va) € BF(X) is bifuzzy d-ideal of X
under norms(¢-norm 7" and ¢-conorm C') if it satisfies the following inequalities:

va(0) < va(z),
(z) < Cvalz xy),valy)),
(6) va(z xy) < Clva(z),valy)),
for all z,y € X.
Denote by BFDIN(X), the set of all bifuzzy d-ideals of X under norms(¢-norm 7'
and t-conorm C).

Example 4.2. Let X = {0, 1,2,3} be a set given by the following Cayley table:
3

2
00
0 1
00
30
*,0)

Then (X, *,0) is a d-algebra. Define A = (ua,v4) € BF(X) as

)= { 03 e =0
HAAEI = 055 ifa#0

and

045 ifx=0
va(r) =

0.25 if z # 0.

Let T'(a,b) = Ty(a,b) = ab and C(a,b) = Cp(a,b) = a + b — ab, for all a,b € [0, 1],
then A = (ua,va) € BFDIN(X)

Proposition 4.1. Let A = (pa,va) € BFDIN(X) and B = (up,vp) €
BFDIN(Y). Then Ax B € BFDIN(X x Y).

PROOF. (1) Let (z,y) € X x Y. Then

pax(0,0) = T(1a(0),)u(0)) = T(pa(z), (18(y)) = paxs(@,y).
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Let z; € X and y; € Y fori =1, 2.
(2)

paxp(i,y1) =T

(1a(z1), pp(y1))

(T'(palzr * @2), pa(@2)), T(1p(y1 * y2), 1e(y2)))

(T(paay * 22), sy * 42)) Tpal), s (y2))) (Lemma 2.1)
(axB(T1* T2, Y1 * Y2), axB(T2,Y2))

(axs(

v

'ﬂ'ﬂ'ﬂ’ﬂ

pax (1, Y1) * (72,92)), axp (T2, Y2))
then
MAxB(ﬂChZh) > T(MAxB((%’ZIl) * (56271/2))7MAxB(SU27y2))-

(3)

MAXB((xlay1> * ($2,y2))

I
=
=

xB(T1 % T2, Y1 * o)

pra(@1 x 2), (Y1 * yo))

(ralzr), pa(@2)), T(pp(y), ne(y2)))
T(palzr), np(1)), T(palx2), us(y2))) (Lemma 2.1)
MAxB($1,y1),ﬂAxB($2,y2))

(RIVAN
3334
S

thus
paxs((x1,41) * (¥2,92)) > T(paxs(1, v1), taxs(T2, y2))-
(4) Let (z,y) € X x Y. Then
vaxg(0,0) = C(va(0),)vp(0)) < C(va(z), (vB(y)) = vaxs(z,y).

Let x; € X and y; € Y for i =1, 2.

(5)
vaxp(z1,y1) = C(va(z1),ve(y1))
< C(Cvaly * x2),va(x2)), C (VB (Y1 * y2), vB(Y2)))
= C(C(va(z1 * x2),vp(y1 * y2)), C(valz2), v5(y2))) (Lemma 2.1)
= C(vaxs(1 * T2, Y1 * Y2), Vaxs(T2, y2))
= C(Waxs((z1,y1) * (T2,92)), VaxB(T2,Y2))
then

Vaxp(x1,y1) < C(waxp((z1,y1) * (22, 92)), Vax (22, Y2)).
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(6)
VAxB((ﬂUl, y1) * ($2, y2)) = VAxB(ffl * To, Y1 * 92)
= C(va(z1 x 22),vp(y1 * y2))
< C(Cvalzr), valz2)), C(vp(y1), ve(y2)))
= C(C(valz1), ve(y1)), C(valz2), vp(y2))) (Lemma 2.1)
= C(Waxp(r1,y1), Vaxp(T2,2))
thus

VAXB((xhyl) * (Iz,?ﬁ)) < O(VAXB(I17y1)7 VAXB<$27y2>>‘
Thus as (1)-(6) we will have that A X B = (uaxp, Vaxp) € BEDIN(X xY). O

Proposition 4.2. Let A = (ua,va) € BF(X) and B = (up,vp) € BE(Y). If
Ax B € BFDIN(X xY), then at least one of the following two statements must
hold.

(1) A(0) D A(z) for all x € X.
(2) B(0) 2 B(y) for ally €Y.

PROOF. Let the statements (1) and (2) are not holds, then we can find (z,y) €
X x Y such that A(0) C A(z) and B(0) C B(y). Then u(0) < pa(z) and v4(0) >
va(z) and pp(0) < pp(y) and vp(0) > vp(y). Now

paxs(@,y) = T(pa(@), ns(y)) > T(1a(0), n5(0)) = paxs(0,0)
and
vaxp(,y) = Clva(z),va(y)) < C(va(0),v5(0)) = vaxs(0,0)
give us that we have contradiction with A x B € BFDIN(X xY). O

Proposition 4.3. Let A = (uua,va) € BF(X) and B = (ug,vp) € BFE(Y). If
A X B € BFDIN(X xY), and T,C be idempotent, then we obtain the following
statements:
(1) If A(0) D A(x), then either B(0) 2 A(x) or B(0) 2 B(y) for all (z,y) € X xY.
(2) If B(0) D B(y), then either A(0) 2 B(y) or A(0) > A(x) for all (x,y) € X x Y.

PRrOOF. (1) Let A(0) O A(z) then pa(0) > pa(z) and v4(0) < vu(z). Let
(x,y) € X x Y such that B(0) C A(z) and B(0) C B(y) then ugp(0) < pa(x) and
vp(0) > va(x) and up(0) < pp(y) and vp(0) > va(y). Thus pa(0) > pa(z) > up(0)
and v4(0) < vu(z) < vp(0) which mean that up(0) = T(1a(0), up(0)) and vp(0) =
C(v4(0),v5(0)). Now

paxs(r,y) = T(pa(z), up(y))
> T(ps(0), s(0)) = ps(0)
= T(pa(0), 1p(0)) = pax5(0,0)
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vaxp(z,y) = Clvalz), vs(y))
< C(vp(0),v5(0)) = v5(0)
= C(va(0),v5(0)) = vaxp(0,0)
thus we will have contradiction with A x B € BFDIN(X xY).
(2) It is similar to (1). O

Proposition 4.4. Let A = (ua,va) € BF(X) and B = (up,vg) € BF(Y).
If Ax B € BFDIN(X xY) and T,C be idempotent, then A € BFDIN(X) or
B € BFEDIN(Y).

PROOF. It is enough that A € BFDIN(X) and the proof B € BFDIN(Y)
is similar. As Proposition 4.3 we have that A(0) 2 A(x) for all z € X and from
Proposition 4.2 part(1) we have either either B(0) O A(z) or B(0) O B(y) for all
(z,y) € X x Y. Then we will have that

14(0) > pa(z) (1)
and
va(0) <wa(z) (2)
and pp(0) > pa(x) and vp(0) < va(z) and pp(0) > pp(y) and vp(0) < vp(y) for
all (z,y) € X x Y. Thus paxp(z,0) = T(ua(z), up(0)) = pa(x) and vaxp(z,0) =
C(va(z),vp(0)) = va(x). Let (z,y), (£,9) € X x Y. Then and
MAXB(xa y) > T(,UAXB((:L'vy) * (£7g))7ﬂAxB(f7 y))
=T(paxs((z* £,y *9)), paxp(£,9))
and by putting y = ¢y = 0 we get that

paxs(,0) > T(paxp(z *£,0%0), paxp(z,0))
and so
pa@) = T(ua(e+ &), pua(d). (3)
Also
VAXB(xay) S C(VAXB((xay) * ('f'?y,)% VAXB<I/'7y/))
- O(”AXB((CC * g:na Yy *x g))u VAXB(‘fv y))
and as putting y = ¢y = 0 we get that
Vaxp(2,0) < C(vaxp(z * 1,0 %0),vaxp5(£,0))

and so
va(z) < Cvalz x ), va(2)). (4)
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Since A x B € BFDIN(X xY) so

paxs((@,y) * (£,9)) = T(paxs(®,y), paxs(E,9))

thus

paxp(@ * L,y * ) =2 T(paxp(,y), paxs(E,9))
and by letting y = y = 0 we give that

paxp(x*2,0%0) > T(uaxp(x,0), paxps(L,0))
which means that

pa(e ) = T(pa(@), pa(t).  (5)
Also
vaxs((@,y) * (£,9)) < C(vaxs(z,y), vaxs(£, 7))

thus

vaxp(® * T,y % §) < C(vaxs(,y), vaxs(Z, 7))
and by letting y = y = 0 we give that

Vaxp(xx2,0%0) < C(vaxp(z,0),vaxp(£,0))
which means that

va(z x &) < C(va(z),va(t)).  (6)
Therefore as (1)-(6) we get that A = (ua,va) € BFDIN(X). O
Definition 4.3. Let A = (ua,va) € BF(S) and B = (up,vg) € BF(S), the
strongest bifuzzy relation on S under norms(7, C') is bifuzzy relation on A as
By = (up,,vB,) S xS —[0,1] x [0,1]

as

psa(T,y) = T(pa(z), pa(y))
and

VBA<x7y) = C(VA('I)’VA(?/))
for all z,y € S.

Proposition 4.5. Let T, C' be idempotent. Then
A= (pa,va) € BFDIN(X) <= Ba = (tp,,VB,) € BFDIN(X x X).

PROOF. Let A = (u4,v4) € BEDIN(X).
(1) Let z € X then

/’LBA(()?O) = T(IMA(O)MMA(O)) > T(/LA($),MA($)) = ,UBA(xax)
and

VBA(()?O) = C(VA<O)7 VA(O)) < C(VA(x)v VA(:E)) = VBA(:E"%‘)'
(2) Let (z1,22), (y1,y2) € X x X. Then
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T(pa(z1), palz2))

(T(palzy = y1)s pa(yn), T(pa(we * y2), pra(y2)))

(T(palzy * y1), palwe * y2)), T(pa(y1), naly2))) (Lemma 2.1)
(B4 (21 % Y1, 02 % Ya), B, (Y1, Y2))

(1B (21, 22) * (y1,92)), s (Y1, Y2))

MBA(l’la@)

v
e B B B

HUB4

B,
thus
MBA(I17$2) > T(MBA((Ih xz) * (?Jl; y2))7 NBA(ylny))

and

Clva(z1),valz2))

(Cwa(zr *y1),va(y1)), C(va(zs * y2), va(y2)))

(Cva(zr *y1),va(@2 * y2)), C(va(y1), valye))) (Lemma 2.1)
(

(

VB, ($1 * Y1, T * yz), VBA(yb 92))
(

(xla 1’2) * (yh y2))7 VB4 (yl, y2>)

VBA<5U1a 932)

IA

Q Q Q Q

VB,
then
v, (w1, 2) < Cvp, (1, 22) * (Y1, 92)), B4 (Y1, 42))-
(3) Let (z1,2), (y1,y2) € X x X. Then

1B, (21, 22) * (Y1, ¥2)) = g, (T1 % Y1, T2 * Yo)

=T(pa(z1* Y1), pa(w2 * ya))
T(T(pa(@1), pa(y)), T(pa(z2), pa(y2)))
T(T(pal(w1), pa(za)), T(a(yr), pa(ye))) (Lemma 2.1)
T(pp, (21, 22), ks (Y1,92))

v

SO

,UBA((xbx?) * <y17y2)) > T(MBA (561, 1‘2), ,UBA(ybyQ))
and so

VBA((‘Q:l? :UQ) * (y17 yQ)) < C<I/BA (xla 1172), VBA(yb yQ))

Therefore from (1)-(3) we get that By = (up,,vs,) € BFDIN(X x X).
Conversely, let B4 = (up,,vp,) € BFDIN(X x X).
(1) Let z € X then

pa(0) = T(pa(0), 1a(0)) = pup,(0,0) > pp,(z,2) = T(pa(z), pa(z)) = pa(z)

and

va(0) = C(ra(0),va(0)) = v5,(0,0) < wp,(z,z) = Cva(z),va(z)) = va(z).
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Thus we get that

p34(1,0) = T(pa(x), pa(0)) = palz)
and

vp,(x,0) = C(va(z),va(0)) = va(z).
(2) Let (21, 22), (y1,92) € X x X. Thus

MBA(9€1,$2) > T(MBA<<5U17 1’2) * (yl, y2)>7 MBA(yh?h))
=T (g, (21 * Y1, 22 ¥ Y2), i, (Y1, Y2))

if we let 9 =y =0 so
KB4 ('Tla O) > T(MBA(xl * 1, 0 % 0)7 KB4 (yb O))
thus

pa(ry) > T(pa(zr *y1), pa(yr))
and

(VB ((T1,22) * (Y1, 92)), B4 (Y15 Y2))
(VB (1 * Y1, T2 % Y2), VB, (Y1, Y2))
if we let o = yo =0 so
vp,(21,0) < C(vp, (71 % 41,0 % 0),vp, (y1,0))
then
va(zy) < Cwalxy *y1), va(y)).
(3) Let (x1,72), (y1,2) € X x X. Now

pBa (21, 22) * (y1,92)) = T(pp, (21, 22), 1B,y (Y1, Y2))
then

1B, (T1 % Y1, T2 % Y2) = T(pp, (21, 22), 15, (Y1, Y2))
and by letting xo = yo = 0 we get that

:uBA<x1 * Y1, 0 O) > T(IUBA(xh 0)7NBA<Z/17 O))

and thus
pa(y *yr) 2 T(paze), pa(yr))
and
Ve, ((21,%2) * (y1,92)) < C(vp, (21, 22), VB, (41,92))
then

vp, (1 * Y1, 03 % y2) < C(vp,(T1,22), VB, (Y1, Y2))
and by letting x5 = y» = 0 we have that
VBA<171 * Y1, 0 % 0) < C(VBA(@“l, 0)7 VBA(?Jh 0))
and so
va(zy *y1) < Cva(wy), va(yr)).

7
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Thus (1)-(3) give us that A = (ua,va) € BFDIN(X). O

Proposition 4.6. If A = (ua,va) € BFDIN(X) and B = (up,vg) € BFDIN(X).
Then AN B € BFDIN(X).

PrOOF. Let x,y € X. Then
(1)
1tanB(0) = T'(1a(0), p5(0)) = T(pa(x), pp(x)) = prans().
(2)

(3)

and thus

pans(x) > T(pans(x *y), pans(y)).

(va(@), va(r))

(Cwalz xy),va(y)), Cvs(z xy),vp(y)))
(Cvalz *y),ve(xxy)), C(valy),va(y)))
(

vanB (2 *y), Vanp(y))

and so

thus

pans(x *xy) > T(pans(x), pans(y)).
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vang(@ *y) = C(valz * y),vp(z * y))
< C(C(va(x),vay)), C(ve(z),ve(y)))
= C(C(va(z),vp(2)),C(valy), ve(y)))
= C(vanp(2), vans(y))
then
van(z *y) < C(vans(x), vanB(Y)).
Thus AN B = (ftans, vans) € BEDIN(X). O

Proposition 4.7. If A = (ua,va) € BFDIN(X) and ¢ : X =Y be a homo-
morphism of d-algebras, then ¢(A) € BFDIN(Y).

PROOF. (1) Let z € X and y € Y with ¢(z) = y. Now
(1) (0) = sup{pa(0) | 0 € X, (0) = 0}

> sup{pa(z) |z € X, p(x) =y} = ¢(pna)(y)
and
p(r4)(0) = inf{r4(0) | 0 € X, (0) = 0}
<inf{va(x) | 2 € X, o(x) = g} = p(va) ().
(2) Let x,z7 € X such that f(z) =y, f(z1) = y1. Then
p(pa)(y) = supfpa(z) |z € X, o(z) = y}
> sup{T (pa(z * 1), pa(z1)) [ 2,21 € X, () =y, p(21) = 1}
= T(sup{pa(z *21) | 7,21 € X, p(x) =y, p(21) = 1}
,sup{pa(z) [ 21 € X, o(z1) = y1})
= T(p(pa)(y * y1), (pa)(y1))
therefore
p(a)(y) = T(p(pa)(y * 1), o(pa)(n))-
Also
e(wa)(y) = inf{va(z) |z € X, o(z) =y}
< inf{C(va(z * 1), va(z1)) [ 2,21 € X, () =y, p(x1) =y}
= C(inf{va(z *xx1) | 2,21 € X, 0(x) =y, 0(x1) = Y1}
,inf{va(z) [ 21 € X, o(z1) = y1})
= Clp(va)(y = y1), e(va)(y1))
thus
pe(wa)(y) < Clewa)(y =), (va)(y1))-
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(3) Let 1,42 € Y and 1,29 € X such that ¢(x1) = y; and ¢(x2) = y2. Then

P(pa)(yr * yo) = sup{pa(zr * 22) | 11, 22 € X, (1) = y1, p(22) = Yo}
> sup{T(pa(z1), pa(r2)) [ 21,20 € X, (1) = Y1, 0(72) = Yo}
= T(sup{pa(z1) |21 € X, p(21) = y1 }
ysup{pa(re) | 72 € X, p(x2) = ya2})
= T(e(pa) (), ©(pa)(y2))

thus
@(pa)(yr * y2) = T(p(pa)(yr), (pa)(yz2))-

e(va)(yr x y2) = inf{va(z * 22) [ 21,22 € X, p(21) = y1, p(22) = y2}
< inf{C(va(z1),va(®2)) [ 21,22 € X, 0(21) = y1, p(x2) = 2}
= C(inf{va(zy) | x1 € X, o(x1) = 11}
,inf{va(zz) | 22 € X, p(22) = 1})
= C(p(va) 1), p(va)(y2))
() % 92) < Clplva)(sn), 2(v4) (1))
Then as (1)-(3), we get that p(A) = (p(pa),p(va)) € BFDIN(Y). O

Proposition 4.8. If B = (up,vg) € BFDIN(Y) and ¢ : X — Y be a homo-
morphism of d-algebras, then ¢~'(B) € BEDIN(X).

PROOF. (1) Let z € X. Then

0 (up)(0) = up(p(0)) > pp(e(x)) = ¢ (us)(2)
and

v~ (vB)(0) = vB(9(0)) < vp(p(r)) = ¢~ (vp)(2).
(2) Let z,21 € X. As
B(p(2))
(1B(p(x) * (1)), pa(P(21)))
(uB(p(z *21)), 1B (P(21)))
(o™ (pp) (@ * x1), 0~ (pp)(21))

o (up) ()

v
’ﬂ’ﬂﬂ’i

SO

o (np) (@) = T(e™ (up) (@ * 21), [~ (1p) (21))
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and
v~ (vp)(2) = vp(p(x))
< C(vp(p() * p(21)), vp(p(21)))
= C(vp(p(z *11)),vB(p(21)))
= Cle™ (vp)(z * x1),¢™ (vB)(21))
thus
¢~ () (@) < Cle™ (vp) (@ * 21), 97 (vp)(21)).
(3)
o~ () (@1 % 29) = pp(p(ar * x2))
= MB(SO 1) * p(22))
T(pp(p(x1)), np(e(z2)))
T(SO Hus) (1), 97 (up) (22))
thus
@~ (p) (1 * x9) > T(~ (up)(21), 0~ (1B) (22)).
Also
0 Hvp)(m1 * 13) = vp(p(z1 * 19))
= vp(p(z1) * p(22))
< C(vp(p(21)), vB(p(2)))
= Cle™ (vB)(z1), ¢ (vB)(22))
then

o~ (vp) (w1 * 22) < Cle™ (vB)(21), 97" (vB)(22)).
Therefore (1)-(3) give us that ' (B) = (¢ *(ug), ¢ '(vp)) € BEFDIN(X). O
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