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On a nonlinear abstract second order
integrodifferential equation-part I

Mohammed Aijazuddin Hussain

ABSTRACT. The object of this paper is to study the existence, uniqueness and
continuation of the solutions of nonlinear second order integrodifferential equa-
tions.

The theory of infinitesimal generator of Cy- semigroup in a Banach space,
the fixed point theorems of Schauder and Banach are used to establish our main
results.

1. Introduction

Consider the nonlinear second order integrodifferential equation of the form

t

u”’(t) + Ad'(t) + Bu(t) = f(t,u(t)) + / [a(t, $)go(s,u(s)) + g1(t, s, u(s))]ds, (1)

to

u(to) = ¢,u'(to) =, t > g >0

where A and B are linear (ingeneral unbounded) operators in Banach space X.

The theory of existence, uniqueness and other properties of the solutions of ordi-
nary higher order differential equations are extensively developed during the past
few years but very little attention is given to the abstract nonlinear higher order
differential and integrodifferential equation.Travis and Webb ([10],[11],[12]) have
studied the special form of (1) when operator A=0, by using the theory of strongly
continuous cosine family C (t), ¢ € R of bounded linear operators in a Banach space
X. Sandefur [9] and Aviles and Sandefur [1] have studied the special form of (1)
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when integral on the right side is absent by using the factorization method cou-
pled with the successive approximation technique. The equation (1) serves as an
abstract formation of many partial integrodifferential equations which arise in the
wave equations (possibly damped or strongly damped), the telegraph equation, the
vibrating beam and other physical phenomenon (see [1],[2],[3]). The purpose of this
paper is to study the existence, uniqueness and continuation of the solutions of (1)
by using the method of factorization introduced in [1],[5],[9]. Examples are given
to the special cases to illustrate the usefulness of our results to study the physical
models (for example see [10],[11],[12]). The main tools employed in our analysis
are based on the application of Schauder and Banach fixed point theorems.

2. Statement of the results

Before we state our results, we give the following basic concepts and definitions

used in our subsequent discussion.
Let X be a Banach space with the norm ||.|| and A; , j = 1,2, is infinitesimal
generator of Cy—semi group Tj(t), j = 1,2 and ¢ > 0 on a Banach space. The set of
bounded linear operators {T'(t),teR,}, Ry = [0, 00), is Cy—semigroup on X if

(1) T(t+s)=TH)T(s) =T(s). T(t),t,s >0,

(2) T(0) = I (the identity operator)

(3) T'(.) is strongly continuous in teR,,

(4) ||T(t)]| < Me*t, for some M > 0 and w, teR, ([See [6], p. 276]).

We assume the existence of linear operators A; , j = 1,2 (not necessarily commute)
generates Cy — semi group Tj(¢),j = 1,2. Then equation (1) can be written as

u”’(t) — (Ap + A (t) + A Aqu(t) (2)

=f(t,U(t))+/ [a(t, 5)g0(s, u(s)) + g1(t, s, u(s))lds,

to

u(to) = ¢, u'(to) = 1, t > ty.
A continuous solution u of the integral equation

n /t: /t; Ty (t — 7)To(7 — s) /s[a(s,n)go(n, u(n))

+ 91(s, 1, u(n))]dndsdr

/ / Tyt — )T — 8) (s, u(s))dsdr, (3)
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where ¢eD(A;) , is called the mild solution of (2). A Cy-semi group T(t) is called
compact for ¢t > to > 0 if for every ¢t > ¢ty > 0, T(t)is compact operator. T(t) is
called compact if it is compact for £ > 0.

The motivation for this form of a mild solution came from studying (1) in the
factored form.

((d/dt) — Ay)((d/dt) — Ax)u = [(t, u(t)) +/ [a(t.5)go(t, u(t)) + g1(t, s,u)lds  (4)

to

Suppose A; and A, also commute, the commuting means that (Al — Al)(*l) and
(Ao — Ap)(=Y commute for all \; in resolvent set of A;,j = 1,2. In this case we
could also say that u is a mild solution of (2) if it satisfies

u(t) = %[(Tl(t —to) + To(t —to))p + /t Ti(t — 7)To(7) (v — Arp)dr

to

+ /t To(t — 7)1 (7)(¢ — Asp)dT

to

+ / / [T (t — 7)To(r — ) + To(t — 7)Ti (7 — 8){ £ (s, u(s))

to Jto

+ [ Lol n)go(on u(n) + g1 (5. uw)ldnbdsds] (3
to

where ¢peD(A;) N D(Ay). This is an average of (3) by interchanging the roles of T}
and T,. The advantage of (5) is expected symmetry of 7} and T5.

For convenience, we list the following hypotheses used in our subsequent discussion.

HypoTHESIS 1. (Hy) Let f,go : [0,a) x U — X and g1 : [0,a) x [0,) X
U — X,a > 0, be continuous functions where U is an open subset of X. Let
a: [0,a) x [0,a) — R be continuous and satisfies the uniform Holder’s continuity
condition in the first and second arguments with the exponent p i.e. there exists a
positive constant by such that

la(t1, s1) — a(ta, s2)| < bo(|t1 — t2]” + |51 — s2/°),
for all tl, tg, S1, 826[0, Oé).

HYPOTHESIS 2. (Hy) Let f,g0: Ry x X — X and g1 : Ry X Ry x X — X be
continuous functions. Let a : Ry X Ry — R be uniform Hoélder continuous with
0 < p <1 and constant by as defined in (H;).

We need the following Lemmas in our subsequent discussion;

Lemma 2.1. (Goldstein [See [4], p. 49]) If geC'[R;, X] and

w(t) = /0 T(t — s)g(s)ds, (6)
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where T(.) is a semi-group generated by a linear operator A on X, then
’lUEC(R+7 D(A)> N C/(R+7 X)

and

and
Aw'(t) = T(t)g(0) — g(0) + /0 [—g(s) + T'(t — 5)g'(s)]ds. (8)

Lemma 2.2. (Murge and Pachpatte [See [T], p. 28])
Let X be a Banach space. Let F be an operator which maps the elements of X into
itself for which F" is a contraction, where r is a positive integer. Then F has a
unique fized point in X.

Lemma 2.3. (Pazy [See [8],p. 49]) Let T(t) be Co— semi group. If T(t) is
compact for t >ty then T(t) is continuous in uniform operator topology for t > ty.

We are now in a position to state our results to be proved in this paper.

Theorem 2.4. Let the hypothesis (1) be satisfied and —A;,i = 1,2 be infinitesi-
mal generator of a compact semigroup T;(t),i = 1,2. Then for every ¢peD(A;) C U
and YeX there exists a t1(¢p,1); 0 < t; < a, such that the initial value problem (2)

when to = 0 has a mild solution ueC([0,t1],U) i.e. u(t) is a continous function from
/O,tlj to U.

Theorem 2.5. Let the hypothesis (2) be satisfied and —A;,i = 1,2 be infinites-
imal generator of a compact semi-group, T;(t),t > 0,7 = 1,2 on X. Then for every
¢eD(Ay) the initial value problem (2) when ty = 0 has a mild solution u on the
mazximal interval of existence [0, tmaz), if tmaz < 00, then

lim [|u(t)|| = oco. (9)

mazx

Remark 2.6. [t is to be noted that Sandefur in [9], Avile and Sandefur in [1],
have studied the existence, uniqueness, continuity and other properties of (1) when

t

[ latt.9(s.u(s)) + gt 5, u(s)lds =

to

and tg = 0 by the method of successive approrimation our method and conditions on

nonlinear functions involving in (1) are different from those used in ([1],[9]).
Remark 2.7. If Ay = — Ay then Ty(t) = T(—t) and if we define

(T'(t) + T(=t))
2

C(t) = [t u(t)) = f(t) and g(t,u(t)) = 0,
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then (3) reduces to semi linear wave equation studied by Travis and Webb ([10],[11]),
by using the theory of strongly continuous Cosine family C(t) for teR of bounded
linear operators in the Banach space X.

However our technique and assumptions on the functions f, gy and g, are differ-
ent from those of [10], [11].

3. Proofs of Theorem 1 and 2

PROOF. Our interest here is only in local solutions, we can assume that a < oco.
Let [|T;(¢)|| < M;,i =1,2, for 0 <t < aand t > 0,p > 0 be such that

By (¢) = {v: |lv=¢ll < pi} C U f(s, )l < Nu; [lgo(s, v)[| < N llga(t, s, v)[| < Ns,

for veB,, (¢) and M3 = maz|a(t,s)],0 < s <t <t. Choose t” > 0, such that
ITi )6 = ¢ll < p1/2,

for 0 <t <t” and let

P1
LT = Aol + (MM, + Na)a & NiJal

t; = min{t', ", a,

Set
Y = C([0,t]; X)

and
Yo = {u: ueY;u(0) = ¢, u(t)eB,, (¢)},

Y) is clearly bounded closed convex subset of Y. We define a mapping F': Y — Y},

by

t
(Pu)() = Ti(0o + | Talt = DTlr)(w - Aio)ir
0
t T s
[ [ 1= 0t —5) [t utn) + g5, un)landsdr
0o Jo 0

+ /0 /0 Ti(t = ) To(r — ) f (s, u(s))dsdr. (10)

From (10) and using assumptions on f, go, g1,a and T;,7 = 1,2, we obtain,
1(Fu)(t) — ]| < r|T1<t>¢—¢|r+/O Tyt — DT — Ardldr
' T, (t — To(Tm — ) dndsd
+// Tt — )| Talr s>||/0 a(s, ) llgo(n, w(n))|dndsdr
t T S
Tyt — 7)||[|To(r — o, dndsd
+// ITy(t — )| To(r s>||/0 191 (5,7, u(m)) | dndsdr
Tyt — 7)||||To(r — , dsdr (11
+// ITu(t = D)To(r — )I1F (s, uls)|dsdr (1)
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12 t
< B+ MMt[|| = Argl| + (MaNa + No) i+ Ny 5]
< % + My Mot ||t — Arg|| + {(MsNa + Na)a + Ny Yol
P, P1
< 2, 7
=55
< p1

This shows that F maps into Y, into Yy. The continuity of F follows from the
continuity of f, gy and g;. Moreover, F maps Yj into precompact subsets of Y.

To prove this, we first show that for every fixed t,0 <t <.

The set

Yo(t) = {(Fu)(t) : ue¥o}

is precompact in X. For ¢t = 0, it is obvious since Y;(0) = {¢}. Let t > 0 be fixed.
For 0 < e <t set

(Fad®) =T+ [ T3t =TI - Aig)in
w [ [ 1= nn =) [ st utnyndsis
+/OtE/OTT1(t—T)T2(T_S) /0391(37777U(77))d77dsd7-
* /Ote /0 Ti(t — 7)Ta(m — 5) f(s,u(s))dsdr  (12)

= Ty(t)¢ + T (e) /OH Ti(t — 7 — OTo(w — Ayd)dr
#00 [ == Tatr =) [ atsmaon.wto))dndsd
) A e e
+Ti(e) /O“ /O Tt — 7 — OTa(r — 8) f(s, uls))dsdr

Since T;(t),i = 1,2, are compact for every ¢ > 0, the set

Ye = {(FEU)(t) : UEYb}v
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is precompact in X for every €,0 < e < t. Furthermore, for ueYy, from (10), (12)
and conditions on f, gg, g1,a and T;,7 = 1,2. We obtain,

(PO = Eaell < [ 1T = DTl - Adr
e [ [ime = omse =i [ ats il uon
+lloa(s, . u(n) dndisar

+/t_T/O T3 (¢ — )| Ta(r — )I[]]1£ (s, u(s))||dsdr  (13)

M3N2 + Ns

< MiMoelll — ]| + {02 + (0 — (20— ) + {20 — o)

which implies that Y5(¢) is totally bounded i.e. precompact in X. We continue
to show that

F(Yy) =Y = {Fu: ueYy},

is an equicontinuous family of functions. Let t5 > ¢; > 0. Using (10) and conditions
on f,go and gy, we get

[(Fu)(t) = (Fu)(t2)]] < [[(Ti(t1) — T1(t2)) 9]
+/0 | T1 (8 — 7) = Ta(te — 7| T2(7)l[ |4 — ArglldT

+/t T2 (t2 = DT (T)II[¢ — Arolldr

+/01/THITl(tl—r)—Tl(tz—r)HHTg(T—s)H/5[|a(s,n)|||g0(77,u(n))H
+ 1191 (s, m, u(n))||]]dndsdr

w7 [ = izt =l [ lats il o

+ |91 (s, m, u(n))|||dndsdr

+/O /0\|T1<t1—T)—Tl(m—T)HHTQ(T—s)\\|!f<s7u(s>>|\dsdf
+/t1 /O T3 (t2 = DI Ta(r = )|[[| £ (s, u(s))||dsdr  (14)
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< |[(T1(t1) — Ta(t2))9l|
t1
+ / [Ty (t — 7) — Tty — 7)[|[|T2(7) ||| — Aro||dT
0

+ My M|y — Aq9|[(t2 — t1)

t1 T s
+/ / |71 (t, — 7) —Tl(t2—7)|\||T2(r—s)]|/ [M3Nsy + Nsldndsdr
0 0 0

M;3Ny + N.
(M ;'+ 3)(t _ )

t1 T
[ [T =) = Ta(r = 91 Tatr = o) [ Nadsar
0 0

+ MM,

Ny
+ MMy (3

< |(Th(t1) — Ti(t2))ol| + M2/0 1[||T1(t1 —7) = Ti(t2 = 7)|[l[¢) — Ai9l|

—17)

+ /T{Nl + (M3N2 + N3) /S dn}dsldr + MiMs(ts — t1)[|[¢ — Aig]
0 0

(]\/[B)J\f;—ﬁj\%)(t% + 1]+ taty) + %(tl + to)]

The right-hand side of the above inequality is free from weYy and approaches to
zero as ty —t; — 0. By Lemma 2.3, compactness of Tj(t),i = 1,2,¢ > 0, gives
the continuity of Tj(t),i = 1,2 in the uniform topology. It is also clear that Y is
bounded in Y. Now, by Arzela-Ascoli’s theorem the precompactness of Y = F(Y;)
is followed. The operator F has a fixed point in Y is as consequence of Schauder’s
fixed point theorem and hence fixed point of F is a mild solution of (2) on [0, ¢1]
satisfying u(t)eU for 0 <t < t;. This completes the proof of Theorem 2.4.

It is to be noted that a mild solution u of (2) defined on a closed interval [0, ¢;]
can be extended to a larger interval [0,¢; 4 ¢], for some § > 0, by defining

u(t+t1) = w(t),

where w(t) is a mild solution of

W' (#) = (Ar + Ap)w(t) + Ay Asw(t) :/MIt+m Ygo(s, w(s))

+ g1(t +t1, s,w(s))|ds + f(t +t1,w(t)),
w(0) = u(ty) and w'(0) = u'(t1). (15)

o

The assurance of the existence of the mild solution of (15) on an interval of positive
length 6 > 0 is due to Theorem 2.4. Let [0,t,4,) be the maximal interval to
which the mild solution u of (2) can be extended; we shall show that if ¢,,,, <
oo then [|u(t)|| — oo as t T tyee. First we will prove that ¢, < oo implies
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limyy,,,, [|u(t)|] = co. Indeed if ¢4, < 0o and limpy,,,, ||u(t)|] < oo, we can assume
||Ti(t)|] < M;,i = 1,2 and |[u(t)|| < K, for 0 < t < tnee where M;;i = 1,2, and
K are constants. By our assumptions on the functions gy, f and g; we also have
constants Ny, Ny and N3 such that

[go(s, u(s)I] < Nu; [lga(t, s, u(s))]] < Ny and || f (s, u(s))]] < Ns;

for 0 < s <t <tnae Now,if 0 <o <t<t <tne, we have
u(t/) = Tl(t/)gb —|— / T1 (t/ — T>T2<7'> (dj - A1¢)d7
0
TT " T (T — ) dndsd
féllﬁTnsty@mmmm+mMmmmST
T (' — To(T — dsd
+A‘A At — T)Ts(r — 5)f (s, u(s))dsdr

[[u(t) —u(@®)|| < ||(T1(t/>—T1(t))¢||—|—/0 1T (¢ =7) =T (t—=7)| ||| To ()] ||| — Ar | |dT
-l—/o /OT||T1(t/—7—)_T1(t_T)||||T2(T_S)||/OS||6L(S’n)go(77’u(n))"'gl(san»u(??))dndeT
—l—/o /0 Ty (¢ —7) = Ty (t — 7)) Tol — $)|I||f (s, u(s))||dsdT
+ [ I = DT~ Asdlidn
+/t /OT|!T1(tf_T)H||T2<r—s>|!/os||a(8,n)go<n,u<n))+gl(8,n,u(n))||d,7d8d7
+/t /OT||T1(t/_T)||||T2(7'—S)||||f(s,u(s))||dsd¢

(16)
E ||T1<t’>¢—T1<t>¢H+/O M| T3 (¢ = 7) = Ta(t = 7)[[[ — Avg]|dr
+/0 /OTM2||T1<t'—r)—Tl(t—T)H/OS(MNl+N2)dndsdT

" / /T My Ns|[Ty (¢ = 7) = Ta(t — 7)||dsdT + My Ma(t' — £)[|[¢ — Arg|
0 JO

+ (MNy + No)(t? + 't + %) + Na(t' +1)]



22 MOHAMMED AIJAZUDDIN HUSSAIN
< 1T~ Tl + ([ + [ OMITE =) = Tile = )1 - Awolr]
N t ' SM Tt —7) =Ty (t — M N; + Ny)dndsd
S+ [ [ AT = 7) = Tl = N + Nopadsa)

+[(/0 UJF/t_ )/OTM3N3|!T1(t’—T)—Tl(t—r)||dsdr]+M1M2(t’_t)[|‘¢_Al¢||

4+ (MNy + No)(t? 4 t't +12) + N(t' +1)]

=T )6 =Tioll + [ M =) = Tile = D[l = Arolldr
+/_ / MQHTl(t/—T)—Tl(t—T)H/ (MN1+N2)d77deT
0 0 0
—i—/o_ /0 M||Ty(t" — 7) — Ty (t — 7)|| N3dsdr
+ [ AT - 1) = Tt = Dl ~ Avollar
My||Ty (' — 1) — Ty (t — S]\/[N Ny)dndsd
[ [ AT =) = Tite= )l [ O+ Noydndsir

t T
+/ /N3M2||T1(t’—7)—Tl(t—r)||dsdr
t—o JO
+ My Mo (t' = t)[||p — Arg|| + (M Ny + No)(t? + t't + %) + N3(t' + t)]

Since T;(t),s = 1,2, is continuous in the uniform topology for arbitrary t > o >
0, the right hand side of (16) tends to zero as t and t’ tend to 4. Therefore
limyy,,,, w(t) = u(tmaes) exists and by the first part of the proof the solution u can
be extended beyond t,,,, which contradicts the maximality of ¢,,,,, which contradicts
and so assumption that ¢,,,, < oo, implies that limyy,, . ||u(t)|| = oo, if this is false
then there is a sequence t,, T tnq and a constant K such that ||u(t,)|| < K for all
n.

Let ||Ti(t)|] < M;i=1,2, for 0 <t < t,4, and let,

Ny = sup{l[go(t, 2)|[ : 0 <& < taallz|] < M(K + 1)},
Ny = sup{||gi1(t, s, x)|| : 0 < s,t < tpaal|z|| < M(K + 1)}
and
Ny = sup{[[f (1, )[| : 0 <t < tpna||2]] < M(K + 1)}

Since t — ||u(t)|] is continuous and limgy,,,, ||u(t)|] = co. We can find a sequence
{h,} with the following properties:
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h, — 0 as n — oo,

u(®)]] < MK + 1) for ty <t <ty + b and |Ju(ty + hy)|| = MK + 1)

But then we have
M(K +1) = [|u(t, + ha)l|

tn+hn

gnﬂmwmmm+/' Tyt + b — 7T (F) (6 — 416)]|dr

ln

+ /tnnJr n /t: /t: |11 (tn + hyp — 7)To(T — 8)[a(s,n)go(n, u(n)) + g1(s,n, u(n))]||dsdT
+ /t nrn /tT |T1(tn + hp — )T (T — 8) f(s,u(s))||dsdr

h3 h?
< MK + M?|[p — Aol hn + M (BN +N2)3—7 +M2N32—T
2

h
= MK + Mh[|[¢ — Agl| + (BNy + No) 5t + Nah/2!).

Where § = max |a(s,n)|, which is absurd as h,, — 0. Therefore, we have

li =

Jim [luft)]| = oo

and the proof of the theorem is complete. O
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