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Controlled g-frames in Hilbert C*-modules

Nabin Kumar Sahu

ABSTRACT. The controlled frame was introduced by Balazs et al. [2], with the
aim to improve the efficiency of the iterative algorithms constructed for inverting
the frame operator. In this paper, the concept of controlled g-frames is introduced
in Hilbert C*-modules. The equivalent condition for controlled g-frame is estab-
lished using the operator theoretic approach. Some characterizations of controlled
g-frames and controlled g-Bessel sequences are found out. Moreover, the relation-
ship between g-frames and controlled g-frames are established. At the end, some
perturbation results on controlled g-frames are proved.

1. Introduction

The notion of frames was initiated by Duffin and Schaeffer [6] in 1952, while
studying the nonharmonic Fourier series. After a long gap, in 1986, Daubechies et
al. [5] reintroduced the same notion and developed the theory of frames. In general,
frame is nothing but a spanning set and what makes it interesting is the redundancy.
Due to its redundancy it becomes more applicable not only in theoretical point
of view but also in various kinds of applications. Due to their rich structure the
subject draws the attention of many mathematicians, physicists and engineers since
it is largely applicable in signal processing [9], image processing [4], coding and
communications [23], sampling [7, 8], numerical analysis, filter theory [3]. Now a
days it is used in compressive sensing, data analysis and other areas.

Hilbert C*-module is a wide category between Hilbert space and Banach space. It
was Frank and Larson [11], who initiated the theory of frames in Hilbert C*-modules.
Prior to this, Frank and Larson in [10], generalized the notion of orthonormal bases
in Hilbert C*-modules. For more details of frames in Hilbert C*-modules one may
refer to the Doctoral Dissertation [16], Han et al. [13]|, Han et al. [14] and the
references there in. The notion of g-frame or generalized frame in Hilbert C*-module
is introduced by Sun [25]. For more on g-frames one can refer to Khosravi and
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Khosravi [18], Fu and Zhang [12], Li and Leng [22]. To improve the numerical
efficiency of iterative algorithms for inverting the frame operator, controlled frame
was introduced by Balazs et al. [2] in Hilbert spaces. Recently, Kouchi and Rahimi
[19] introduced Controlled frames in Hilbert C*-modules. Controlled fusion frames
have been investigated in [20]. The notion of *-Controlled frames can be found in
Shateri [24]. Kabbaj et al. [17] introduced controlled continuous g-frames in Hilbert
C*-modules. Motivated from the above literature, we study the notion of controlled
g-frame in Hilbert C*-modules. The investigation is quite different from the work
of Kabbaj et al. [17].

2. Preliminaries

Let us briefly recall some definitions and basic properties of Hilbert C* modules.
Hilbert C*-modules are generalization of Hilbert spaces by allowing the inner prod-
uct to take values in a C*-algebra rather than the usual fields R or C.

Let A be a unital C*-algebra. The Hilbert C*-module or Hilbert A-module is
defined as follows:

Definition 2.1. Let H be a left A-module. H is called a pre-Hilbert A-module
if H is equipped with an A-valued inner product (-,-) : H x H — A such that
(i) (f,f)y >0,Vf e H, and (f, f) =0 if and only if f = 0.
(i) (f,9) = (9,./)".
(iii) (af + g,h) = a(f,h) + (g, h) for all f,g,h € H and a € A.

For every f € H, the norm is defined as || f|| = ||(f, f)||2. If H is complete with
respect to the norm, it is called a Hilbert A-module or a Hilbert C*-module over A.
Frame in Hilbert C*-module is defined as:

Definition 2.2. [11] A family of elements { f; };c; in a Hilbert C*-module H over
a unital C*-algebra A, is said to be a frame if there exist two constants C, D > 0
such that

C(f, £) <Y AL F) i f) <D ), Vf €A
2
After the introduction of frames in Hilbert C*-modules, a lot of work on frame

theory has been done in Hilbert C*-modules. The concept of g-frames by Sun [25]
in Hilbert C*-modules is defined as follows:

Definition 2.3. Let #H be a Hilbert C*-module over A, {H;},cj be a sequence
of closed submodules of H. A sequence {A; € End’(H,H;)} is called a g-frame in
H with respect to {H;},ey if there exist positive constants C, D such that

CUf, 1) <Y NN S DL ) Yf €. (1)

JjeJ
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The g-frame operator Sy : H — H is defined as
Saf =) N f. (2)

jed
Very recently, controlled frames in Hilbert C*-modules is introduced by Kouchi
and Rahimi [19]. It is defined as follow:

Definition 2.4. Let H be a Hilbert C*-module and C' € GL(#H). A family of
vectors {f; € H}jey is said to be a controlled frame in H or C-Controlled frame in
‘H if there exist constants m, M > 0 such that

m{f, ) <Y FNCH, ) < M(f, f),Yf € H.
§€T
In the next section we introduce the notion of Controlled g-frames in Hilbert
C*-modules. We study several characterizations of a controlled g-frame, equivalent
formulation, its operator theoretic behavior, its relationship with the frames etc..
At the end, we present some stability results on controlled g-frames.

3. Controlled g-frame

Let H be a C*-module over a unital C*-algebra A with A-valued inner product
(.,.) and norm ||.||. Let GL*(#) be the set of all positive bounded linear invertible
operators on H with bounded inverse. Let {#;};c; be a sequence of closed submod-
ules of H, where J is any index set. For each j € J, End’(H,H;) is the collection
of all adjointable A-linear maps from #H to H,;.

Let us denote

@Hj = {g ={g;};jes : g; € H; and Z(gj,gj> is norm convergent in A}.

jeJ e

1]30r f=Afi}ies, 9 ={9;}jes, the A—Vajlued inner product in €, ; H; is defined as

(f,9) = (fi95)-
jeJ
The norm is defined by ||g|| = H(g,g>\|% = Z<gj’gj>H%' With this norm and
jeJ
inner product, € jes M 18 also a Hilbert C*-module over the C* algebra A.

For the above literature one may refer Lance [21] and Xiao and Zeng [26].
We define below the (C, C")-controlled g-frame.

Definition 3.1. Let C,C" € GL*(H). A sequence {A; € End(H,H;):j € J}
is said to be a (C, C")-controlled g-frame for H with respect to {#,} ;e if there exist
constants 0 < A < B < oo such that

A ) <D INCENC) < B(S ), Vf €. (3)

jeJ
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When A = B, the sequence {A; € End(H,H;):j € J} is called (C, C")-controlled
tight g-frame, and when A = B = 1, it is called a (C,C")-controlled Parseval g-
frame.

Definition 3.2. A sequence {A; € End%(H,H;) : j € J} is said to be a (C,C")-
controlled g-Bessel sequence for H with respect to {#;},e if there exists constant
0 < B < oo such that

SN CENC'f) < BUf, ), Vf €N (4)
jed
Example 3.3. Let H be an ordinary inner product space, J = N, and {e;}%2,
be an orthonormal basis for Hilbert C-module H. We construct H; as H; =
span{ey, e, ..., e;} for each j € N.
Define A; : H — H; by

A f= £, L)ey.

The adjoint operator A} : H; — H can be easily found as

) NS Gy
Aj(g)_;<f’\/;> J*

Let us define Cf =2f and C'f = %f Then for any f € H, we can estimate

(MCRACT) = j <2f%>ek§;<%f%>ek>

Therefore, for any f € H,

o

ST{NCLACT)Y = ST eifie) = (f.0).

j=1 j=1
This shows that {A; : j € N} is a (C, C’)-controlled Parseval g-frame for ‘H with
respect to {H,}jen.

Suppose that {A; € End(H,H;) : j € J} be a (C,C")-controlled g-frame for
the Hilbert C*-module H with respect to {#,};e;. The bounded linear operator
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7}0(7): €£>7ij'_>7{ deﬁned,by
jeJ
1
Ticon({gi}ier) = Y (CC)2Ngs, V{g;}ies € PH, (5)
jeJ jeJ
is called the synthesis operator for the (C, C’)-controlled g-frame {A; : j € J}.
When C' and C” commute with each other, and commute with the operator A7A;
for each 7, the adjoint operator T(*C,C,) H — @ H; given by
jeJ
« 1
Tieon(f) = {AJ‘(C/C)QJC}]-EJ (6)
is called the analysis operator for the (C, C")-controlled g-frame {A; : j € J}.
The (C,C")-controlled g-frame operator Sic,cry : H — H is defined as

Scant = TeenTioont =Y C'NACY. (7)
jes
For the above discussion one can refer to Hua and Huang [15].

So from now on we assume that C' and C’ commute with each other, and commute
with the operator A7A; for each j.

Proposition 3.1. Let {A; : j € J} be a (C,C")-controlled g-frame for the
Hilbert C*-module H with respect to {#,};cs. Then the (C, C")-controlled g-frame
operator S(c,cr) is positive, self adjoint and invertible.

PROOF. The frame operator S, for the (C, C’)-controlled g-frame is Sic o) f =
> s ONNCf. As {A; 1 j € J}is a (C, C")-controlled g-frame, and from the fol-
lowing identity,

Y NCLAC ) = (D CNNCET) = (Scent. ),

jed jed
we clearly see that S ) is a positive operator. Also it is clearly bounded and
linear. Again

(Sicentra) = (D C'NNCTg)

jeJ
— Z(c'A;Aij,g>
JjeJ
= S (LONAC) = S Senerg)-
jed jeJ

Hence SE"C’C,) = S(cr,c)- Also as C' and C' commute with each other and commute
with AJA;, we have Sy = Sicrc)- So the controlled g-frame operator is self
adjoint. Alternatively, this can also be directly obtained as Sc ) is a positive
operator, and every positive operator is self adjoint.
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From the controlled g-frame identity we have

A<faf> < <S(C,C’)f7f> < B<f7f>
= A ]dq.[ < S(QC/) <B Id;u.[,

where Idy, is the identity operator in 4. Thus the controlled g-frame operator S(¢,cr)
is invertible. O

Lemma 3.2. [1] Let A be a C*-algebra. Let U and V' be two Hilbert .A-modules
and T € End% (U, V). Then the following statements are equivalent:
(1) T is surjective.
(2) T* is bounded below with respect to norm i.e there exists m > 0 such that
1T = m][ f]| for all f € U.

(3) T is bounded below with respect to inner product i.e there exists m > 0
such that (T*f, T*f) > m(f, f) for all f € U.

With the help of the above Lemma 3.2, we establish an equivalent definition of
(C, C")-controlled g-frame.

Theorem 3.3. Let {A; : j € J} C Endj(H,H;) and >, (A, Cf,A;C'f)
converge in norm for any f € H. Then {A, : j € J} is a (C, C’)—controlled g-frame
for H with respect to {#;};cs if and only if there exists constants A, B > 0 such
that

AIFIP < 1Y (0O ACHN < BIFIP, Vf € H. (8)
JjeJ

PROOF. Let {A; : j € J} be a (C,C")—controlled g-frame for H with respect to
{H,;};es with bound A and B. Hence we have

AF 1) <Y JNCENC ) < B(F f), Vf €M, 9)
jeJ
Since (f, f) > 0, Vf € H, then we can take the norm on the left, middle and right
terms of the above inequality (9). Thus we have

JAGE O < 1D (NCHENCHI < IBUPIL Ve

jet
= A|fIP <D _(NCEACHI < B|fI?, Vf e H.
jeJ
Conversely, suppose that
ALFIP < 1D _(0CHNC PN < BIIFIP, Vf € H. (10)

jeJ
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From Proposition (3.1), the (C, C")—controlled g-frame operator Sic ¢y is positive,
self adjoint and invertible. Hence

(S8 .S f) = (St £) = S MO ALC'f). (11)
jeJ
Using (11) in (10), we get
VA < IS2 o £l < VBISI, Vf € M. (12)

According to Lemma 3.2 and inequality (12), there exist constant m, M > 0 such
that

m(f, ) < (SEay S SEand) = D _(NCFAC ) < Mf, f), Vf € H.
jeJ
Therefore, {A; : j € J} is a (C,C")—controlled g-frame for H with respect to
{Hi}ies- O
Definition 3.4. Let C € GL(H). The sequence {A; € End(H,H;):j € J}
is said to be a (C,C)—controlled g-frame or C*—controlled g-frame if there exist
constants 0 < A < B < oo such that

AF 1) <Y J(NCENCE) < B(, f), Vf X,
jeJ
or equivalently,
AIFIP < 1Y _(NCRACHIS BIFIP Vf € . (13)
jed
Using some tools from operator algebras, Xiao and Zeng [26] have proved the
following equivalent characterization of g-frames in Hilbert C*-modules.

Theorem 3.4. [26] Let {A\; € Endj(H,H;) : j € J} and >, (A f, A f)
converge in norm for f € H. Then {A; : j € J} is a g-frame for H with respect to
{#;},es if and only if there exist constants A, B > 0 such that

AP < D00 < BIFIP, Vf € H. (14)
j€J
The above result can be easily seen as a corollary of our Theorem 3.3, when we take

C=C"=1

Proposition 3.5. Let C' € GL*(H). The family {A; : j € J} is a g-frame if
and only if {A; : j € J} is a C?—controlled g-frame.

PROOF. Suppose that {A; : j € J} is a C*—controlled g-frame with bounds A
and B. Then from (13), we have

AFIP < 1D N CENCHI < BIIFI?, Vf € R

jeJ
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Now for any f € H,
AllfIIF = AlccTHfI* < AlCIPIC fII?

< ICIPI Y (Ao fACC
jeJ
= NICIPID (A £ A1
jeJ
Hence
AIICIZ AP < DA £ A0 (15)
jed
Again for any f € H,
DY AL MHL = 1D (ACCT L A,ce |
jed jed
< B|CTH|? < BICTHPIFI (16)

From (15), (16) and Theorem 3.4, we conclude that {A; : j € J} is a g-frame with
bound A||C||72? and B||C~Y||%
Conversely, let {A; : j € J} is a g-frame with bounds A" and B’. Then for all f € H,
ACFf) <Y 0 F A F) < BUE )
jeJ

So for f € H we have C'f € ‘H, and

> (NCF A CE) < B(CF,CF) < B|CIP{f, 1), (17)

jeJ
Also for any f € H,

A(f, ) =A(CTICf,Cc™iCf) < ACTHXCL,Cf)

ICTHP D _(ACF A CH). (18)

jed

IN

From (17) and (18), we have
ANCTHTL ) <Y ANCEACEH < BCIP(f f), Y € M.
jeJ
Hence {A; : j € J} is a C?—controlled g-frame with bounds A'[|C~!(|~? and B'||C|*.
UJ

Next, we study when a g-Bessel sequence becomes a (C, C")—controlled g-Bessel
sequence.

Proposition 3.6. Let {A; : j € J} is a g-Bessel for the Hilbert C*-module
H with respect to {H;}jes. Let C,C" € GLT(H). Then {A; : j € J} is a
(C, C")—controlled g-Bessel sequence.
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PRrROOF. {A; : j € J} is a g-Bessel sequence for the Hilbert C*-module H with
bound B.

H;@J'Cf?AJC’ﬁH = II;<C’A§Aij,f>H
= ||<0’0;A§Ajf’f>!\
< ||O’CIIH<;A;*Ajf,f>H
- !IC’CHH;@?/\jﬁﬂH
= ||C’C\|H;<Ajf,/\jf>H

< B|CCIIfI? Vf e

Hence {A; : j € J} is a (C,C")—controlled g-Bessel sequence with bound B||/C'C|.
0

Theorem 3.7. Let C,C" € GL*(H), {A; : j € J} C End(H,H,), and C,C’
commute with each other and commute with AJA; for all j € J. Then the sequence
{A;:j € J}isa (C,C")—controlled g-Bessel sequence for H with respect to {H,}jes

with bound B if and only if the operator T(c ¢y : @ H; — H given by
jed

Ticon({9i}jes) = Z(CC’)%A}fgj, V{g;}jes € PH;

jed jedJ

is well defined and bounded operator with ||Tic.cn | < VB.

PROOF. Let {A; : j € J} be a C,C'—controlled g-Bessel sequence for H with
respect to {H;},e; with bound B. As a result of Theorem 3.3,

1Y (A CEAC I < BIIFI?, Vf € R (19)

jeJ
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For any sequence {g;},ec; € @ H;,

jeJ
HT(C,C’) ({g]}JGJ) ||2 — sup H<T(C’C/) ({g]}]€J>, f>H2
fen, fll=1
T enly (CCin g N
ey OO N0 T
T e (cC2nsg;, O
A IUCCRY
- sup g’ CC/ f
feH, Ifl= 1HJEZJ< J >H
< sw [ e (A0 A C:
jem, lifl=1 453 <
= s [l Do (e
fer, lifl=1" 55 o
< sup Gir Gi Bf2:B g; 2.
= ||f||=1H]ZE;<] | BI [[{g:}]

Therefore, the sum Z(CC’)%A;gj is convergent, and we have
jeJ

1 Tc.on({gstien) | < B|[{g:}|”
= ||ITcenll < VB

Hence the operator T(¢ ¢ is well defined, bounded and ||T{¢ ¢y < VB.
Conversely, let the operator Ti¢ ¢y is well defined, bounded and || T(¢,cr)|| < V/B.
For any f € H and finite subset K C J, we have

I (NCENCH] = || (C'anCt |
jeK jeK
= | D (cenzasa ez g )|
JEK

I{Tcengstien
< | Tweenllli{gstieslllfI

where

_[Ajcenzf, itje K
o, JEK
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Therefore,

)i

IS CACh] < ITeel(| 5 (4cenisace:

JEK
) U1

= Tieenll (|| 2o (A,
jEK
Since K is arbitrary, we have

1Y (8CHEACH < TP

jed

IS (ACEAC Y| < BIFIP, as [ Ticenll < VB.

jedJ

Hence we conclude that {A; : j € J} is a (C,C")—controlled g-Bessel sequence for
H with respect to {H;};e- O

Now we prove some perturbation results for (C, C")—controlled g-frame.

Theorem 3.8. Let {A; € Endy(H,H;) : j € J} be a (C,C")—controlled g-
frame for H with respect to {#H;}es. Let {II; € Endy(H,H;) : j € J} be any
sequence, and assume that C' and C’ commute with each other and commute with
(A; —1IL;)*(A; — I1;). Then {II; : j € J} is a (C, C")—controlled g-frame for H with
respect to {H;},e, if and only if there exists constants M; and M, such that

1Y (A = T)CF, (A =T )| < M) D {MCFAC) (20)
jeJ JjeJ
and
IS (A, —TL)CF. (A — TL)C | < M| S (I, L f)]|- (21)
jed jeJ

PROOF. Let {A; : j € J} be a (C,C")—controlled g-frame for ‘H with lower
and upper bounds A; and By, respectively. Also suppose that {II; : j € J} be a



76 NABIN KUMAR SAHU

(C, C")—controlled g-frame for H with lower and upper bounds As and Bs, respec-
tively. Then

~—

13"y = )Tt (A = T )|

jeJ

- I (e

jeJ

[{(A; = T)(CC)2 f}

N[

£ (A = IL)(CC): )|

jedll

< [l{as00) %f}JeJ\\2+ II{H- (CC2 1} el
= HJEZJ A (CC)2 f, A;(CC")z H+||]€ZJ<H (CC)z f,1L;(CCz f)|
= H;Mj(]f,/\j(]’f}{!+||j§€;<ﬂj0f,ﬂj(]’f>H
< HZ;<Aij,AjC’f>H+Bz||f||2
< HZ; (NCLACH + 2 H§;<A0ff\0’f>H
je je

By
- 1+ BT weracn)
7 e
Thus (20) is proved, where M; = (1 + %). In a similar manner, one can obtain

|3, ~mer oy~ < (142 ) mesmon)|

JjeJ Jj€J

Hence (21) follows with M, = (1 + f;—)

Conversely, suppose that {A; : j € J} be a (C,C")—controlled g-frame for ‘H
with lower and upper bounds A; and By, respectively, and (20) and (21) hold true.
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Then for any f € H, using (21) we get

AFIP < Do Ch AT

jeJ

13" (A A f||
jeJ

{a ezt I

< {@, —myee: iyl + ez syl
= I ((A; = I)(CCYEF, (A = TL)(CC)3 f)]|

jeJ

HI > (I ez £ c0) i ) |
jeJ
= | Z ((A; =T)CFf, (A =TT )| + || Z (IO IO )|
< M2||Z<Hj0f,HjC’f>H+HZ<Hij,HjC’f>H
= (L+Mp)[| Y (ILCFILCF)].
jeJ
This implies that
Al 2 /
VI < 12 (merme | (22)

jeJ
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Also we have

1D (LI )|| = || D (I(CC)2 f1,(CC) f)||

JjeJ jeJ
= |{mccyzfy
< AR+ I ~THCC I
= [ Do =T £, (A —T)(CC)2 )|

jed

+HID (A ez f A e ]|

JjeJ

= I =T)C L, (A =T )| + 1D (A0 F AC ]|

jeJ jeJ
< MDY (ANCHENCH+]D o (NCEACT]
jeJ jedJ
= (L+M)[| Y (NCHNCT
jeJ

IN

(1+ M) B f*.

Therefore from (22) and (23), it is clear that {II; : j € J} is a (C, C’)-controlled
g-frame for H with respect to {H;};c. O

Proposition 3.9. Let {A; € End}(H,H;) : j € J} and {I'; € Endy(H,H;) :
Jj € J} be two (C,C")-controlled g-Bessel sequences for H with respect to {H};es
with bounds B; and Bj, respectively. Then the operator Lccn : H — H given by

Licon(f) = Y CT;ACH (24)

j€J

is well defined and bounded with ||Lc,c| < v Bi1Bs. Also its adjoint operator is
Licen(g) =Y CAT;C'g.

jeJ

PrROOF. For any f € H and K C J, we have
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IS emncs? = s (Y emaer o)
JEK

et geH |lgll=1

= [ {a0nne)|

gerlgl=1 " S

ACF A o T:C
< IZ(veraenlll S (renrnes)]
< HZ<AJ‘Cf7Aij>H By
JEK
< BiB| f|.

Since K is arbitrary the series Z c’ [GA;Cf converges in ‘H, and

JjeJ
[Lcenll = || > CT;MCE|| < v/BiBe.
JjEK

Moreover, we see that

(Lioonf.g) = (D CTINCT, g) =D {CTINCT, g) = 3 (F.CAT;C'g)

JEK JEK JEK
_ <f 5 CA;rjO'g>.
JEK
Thus Ligon(g9) = > CAT;C'g. O
jeJ

Theorem 3.10. Let {A; € Endy(H,H;) : j € J} be a (C,C")-controlled g-
frame for H with respect to {H};es, and {I'; € End’(H,H;):j € J} be a (C,C")-
controlled g-Bessel sequence for H with respect to {#},c;. Assume that C' and C’
commute with each other and commute with I';I';. If the operator L(ccr) defined
in (24) is surjective then {I'; : j € J} is also a (C, C")-controlled g-frame for H with
respect to {H}jey.

PROOF. It is given that {A, : j € J} is a (C, C’')-controlled g-frame for H with

respect to {#};cs. Then by Theorem 3.7, the operator Tic ¢y : @Hj — H given
jeg

by

Tieen({gi}ier) = Y (CCNINSg;, Hojties € EDH;

jeJ jeJ
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is well defined and bounded operator. By (6) its adjoint operator Tj oy + H —
@ H; is given by
jes
Since {I'; : j € J} is also a (C, C")-controlled g-Bessel sequence for H with respect
to {#H};cs, again by Theorem 3.7, the operator P ¢ EBH]- — H given by
jes
Pecny({gities) =Y _(CC)2Tigs, Hgities € P({H;}es)
jed
is well defined and bounded operator. Again its adjoint operator is given by

Hence for any f € H, the operator defined in (24) can be written as
Lcen(f) =) CTINCS = PeenTioen ().
jed
Since L(ccr) is surjective then for any f € H, there exists g € H such that f =

L(C,Cl)(g) = P(C’C/)T(*C’C,)(g), and T(*C’C,)(g) S ZQ({H]'}]'GJ). This implies that P(C,C’)
is surjective. As a result of Lemma 3.2, we have P(*C,C,) is bounded below, that is
there exists m > 0 such that

(Ploont Plocnf) = mif, f),Vf € H
= (PeenPoent. f) zm(f. f).Vf e H
= (S (CCRTITCC)AS, £) = m{f f), Vf € H
jed
= Y (TCHTCL) = mif, f), ¥ € H,
jed
Hence {I'; : j € J} is also a (C, C")-controlled g-frame for H with respect to {H};c.
U
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