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On various types of compatible Jungck—Rhoades
pairs of mappings in C*-algebra valued metric
spaces

Parveen Kumar, Ljiljana Paunovié¢, and Nicola Fabiano*

AsstracT. In this paper, among other things, we have established four
different types of compatible mappings that work in the context of
C*-algebra valued metric spaces. The obtained types of mappings
generalize from previously known ones within ordinary metric spaces.
We have shown by examples that these types of mappings are really
different. They can be used to consider new fixed point results which
were done in the paper for the case of common fixed points of some
mappings. The results in this paper generalize, extend, unify, enrich
and complement many known results in the existing literature.

1. Introduction and preliminaries

Fixed point theory is the most interesting tool for various branches of non linear
analysis. There are three main approaches in this theory: the metric, the topolog-
ical and the order-theoretic approach, where representative examples are Banach’s,
Brouwer’s and Tarski’s theorems, respectively.

Fixed-point theory and its applications, such as numerical fixed-point theory and
graphical fixed-point theory, will be truly groundbreaking in the coming years. At
the intuitive level, fixed point theory can be used as an authoritative simulation
method in different fields of science and/or technical sciences to derive solutions
and /or experimental findings. From a more general point of view, fixed point theory
can also be seen as an attempt to relate biological sciences/computational sciences
to research into various abstract spaces on convergence analysis and compactness.
Computer programming scientists research logic programming semantics using met-
ric spaces (and/or their generalizations) because it is easy to formulate and can be
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defined and used to prove results. The current success of the establishment of various
standardized metric spaces (and/or its associated results) has given rise to consider-
able interest and analysis in fixed-point metric theory (see e.g., [1],[2],[16],[17],[27]).
On the other hand, the term of C*-algebra was introduced by Segal [28] in 1947
to describe norm-closed sub algebras of B(H ), namely, the space of bounded oper-
ators on some Hilbert space H, 'C" stands for ‘closed’. In [28], Segal considered a
C*-algebra as a “uniformly closed, self-adjoint algebra of bounded operators on a
Hilbert space”. A real or a complex linear space A is said to be an algebra if vector
multiplication is given for every pair of elements of A verifying two conditions so
that A is a ring with respect to vector addition and vector multiplication, and for
every scalar o and all Q, 7 € A, we have a(Q7) = (aQ)7 = Q(a7). A norm ||.|| on A
is called sub-multiplicative if ||us|| < ||g|l||s|| for all u,¢ € A. Here, (A, ||.||) is said
to be a normed algebra. A complete normed algebra is said to be a Banach algebra.

A x-algebra is a complex algebra with a linear involution * so that 7** = 7
and (7z)* = 7*z* | for all 7,z € A. If a x-algebra is endowed with a complete
sub-multiplicative norm verifying ||7*|| = ||7|| for each 7 € A, then the *-algebra is
called a Banach *-algebra. A C*-algebra is a Banach x-algebra so that ||[7*7|| = ||7]?
for each 7 € A. If a normed algebra A admits a unit 14 (that is, ulq = lap = u
for each p € A and |[14]] = 1), then A is an unital normed algebra. A complete
unital normed algebra A is said to be an unital Banach algebra. A positive element
of A is an element o € A so that u* = p and its spectrum o(p) C Ry, where
o(p) = {A € R : A4 — p is non-invertible}. The set of all positive elements is
denoted by A,. Such elements allow us to define a partial ordering ">’ on the
elements of A. That is,

¢>=pu ifand only if ¢ —pe A,.

If p € A is positive, we write p = 04, where 04 is the zero element of A. Each
positive element p of a C*-algebra A has a unique positive square root. From now
on, by A we mean an unital C*-algebra with identity element 14. The sum of two
positive elements in a C*-algebra is a positive element. If y is an arbitrary element
of a C*-algebra A, then p*p is positive. Let A be a C*-algebra and if u,¢ € AT such
that p < ¢, then for any Q2 € A, both Q*uf) and Q*¢) are positive and elements of
AT and Q* uQ) < Q*¢Q. Further, A, = {u € A: pu > 04} and (u*u)% = ||

A C*-algebra A verifies the following algebraic operations:

1: addition, which is commutative and associative;

2: multiplication, which is associative;

3: multiplication by complex scalars;

4: an involution p — p* (that is, (u*)* = u, for each p in A).

The two above multiplications distribute over addition. Also, A endowed with the
following norm is a Banach algebra:
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18I = 18]]I,
e <l < lpall =+ llsl,
sl < flullfl<]] for all ue € A and 5 € C.

A is complete (d(u,s) = || —<]|). Finally, for each p in A, we have ||u*ull = ||u]]?.
A has an algebraic structure and a topological structure coming from a norm. The
condition that A be a Banach algebra expresses a compatibility between these struc-
tures. For more synthesis on the work done in C*-algebra valued metric spaces with
some noteworthy remarks, we refer to [5, 18, 19, 20, 21, 23, 24, 25, 26].
Throughout the paper, A is an unital C*-algebra with a unit 14, R is the set of real
numbers and R* is the set of non-negative real numbers. M, (R) is n x n matrix
with real entries.

Lemma 1.1. [22] Let A be an unital C*-algebra with a unit 14.

(1) For any Q € Ay, we have Q < 14 if and only if || < 1.

(2) If p € Ay with ||p|| < %, then 14 — pu is invertible and ||p(14 — p) =t < 1.

(3) If u,s € A with p,¢ = 04 and ps = cp, then p,s = 04.

(4) Denote by A’, the set {p € A:ps =qu, Vs € A}. Let pe A'. Ifg,v € A
with ¢ = v = 04, and 14 — u € A’ is an invertible operator, then

(Ia— 'z (la—p) v,

In 2014, Ma and Jiang [21] introduced the concept of C*-algebra-valued metric
spaces as a new concept more general than metric spaces, by replacing the set of
real numbers with C*-algebras.

Definition 1.1. [21] Let X be a non empty set. If d: X x X — A is such that
(1.1)04 = d(Q,7);
(1.2)d(Q2,7) = 04 if and only if Q = 7;
(1.3)d(Q,7) = d(, )
(1.4)d(Q,7’) =<d(Q,w) + d(w, 1),
for all Q,T7,w € X, then d is called a C*-algebra-valued metric on X, and (X, A, d)
15 called a C*-algebra-valued metric space.

Definition 1.2. [21] Let (X, A,d) be a C*-algebra-valued metric space. The
mapping T : X — X is called C*-algebra-valued contraction if there is P € A with
|P|| <1 so that d(TQ,TT) < P*d(2,T)P for all Q,7 € X.

Example 1.3. [21] Let X = R and A = My(R). Take d(§2,7) = diag (|2 —
7], a|Q — 7|) where Q,7 € R and o > 0 is a constant. Here, (X, M2(R),d) is a
complete C*-algebra-valued metric space (follows from the completeness of R). For
more details, one can refer to [21, 22, 23, 25, 26].
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2. Properties of compatible maps and its variants

In mathematics and theoretical physics in general, community is one of the basic
concepts. Because it is important to know when and whether an operation with
vectors, tensors, matrices and operators in general is commutative: Ax B = B x A.
Quantity is actually based on that notion. Thus, even with ordinary mappings, it
is important to know whether they switch or not. The functions sin and cos do not
commute because it is not true that sin(cosx) = cos(sin z). Community is therefore
a strong property. The first step in its corruption is consent. In the last century,
G. Jungck [6]-[8],[9]-[12],[13]-[15],[17], introduced this more general term than
community. This was done over strings. It is easy to check that two community
mappings are compatible but that the reverse is not true. There is an even more
general term, Jungck’s weak consent. Which also has application in the theory of
coincidence and point of coincidence.

We present variant notions of compatibility and its variants in the class of C*-
algebra-valued metric spaces.

Definition 2.1. Let f and g be two self-mappings on a C*-algebra-valued metric
space (X, A, d). Let {x,} be a sequence in X so thatlim, . fr, =lim, . gz, =
t for somet € X. Such f and g are said to be

(1) compatible if lim,, oo d(fgzn, gfTn) = 04.

(2) compatible of type (A) if

im d(fgzn, g9z,) =04 and  lm d(gfz,, ffz.) = Lla.
n—-+o0o n—+00

(3) compatible of type (B) if

(i, 4 oo d(f g, f1) 4+ iyt d(ft, ff2n)]
24

lim d(fgz,, ggr,) <
n—-+00

and
Himy, 400 d(gf 2y, gt) + limy, 40 d(gt, ggn))
24 '

i d(gfr,, f ) <
(4) compatible of type (C) if
lim d(fgn, 992n)

limy, s 400 d(fgTn, 1) + limy oo d(f2, f f2,) + im0 d(f1, gg,,)]
34

<

and
i d(gfan, f 1)

= limy, 400 d(gfxn, gt) + limy, 100 d(gt, ggx,) + lim, 1o d(gt, ffx,)] -
J— 3A )

(5) compatible of type (P) if lim, 1o d(f f2n, ggzn) = 0.
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In the following, we give the relationships and properties of above compatibilities.

Proposition 2.1. Let f and g be two compatible mappings of type (A). If one
of f and g is continuous, then f and g are compatible.

PROOF. Since f and g are compatible of type (A), we have
04 =lim, 100 d(fgzn, g9z,) and 04 = lim,, 1o d(gfzp, f fx,).
Suppose that f is continuous. Then lim, .. ffz, = lim, . fgz, = ft for
some t € X. We get lim,, o d(fgx,, gfx,) = 04, i.e., f and g are compatible.
The case that ¢ is continuous is done similarly. 0

Proposition 2.2. Every pair of compatible mappings of type (A) is compatible
of type (B).

PROOF. Suppose that f and g are compatible of type (A). Then
04 = lim d(fgzn,ggan)
< My, y o0 d(f g2, [1) 4 limy o0 d(fE, ffan)]

= o
and
O.A = lim d(gf$n> ffxn)
n—+o0o
im0 d(gf2p, gt) + lim, s o d(gt, ggz,)]
—_ 2A )
as derived. O

Proposition 2.3. Let f and g be continuous on a C*-algebra-valued metric space
(X, A,d). If f and g are compatible of type (B), then they are compatible of type
(4).

PROOF. Let {z,} be a sequence in X such that lim,_, fz, = lim, o gz, =1
for some t € X. Since f and ¢ are continuous, we have

imy, s o0 d(fg2n, f) + limy, s yo0 d(ft, f f2,)]

i <
ngrfoo d(fgxn, ggr,) =<

24
and
]‘. n o0 d ns t ]" n o0 d t? n
i d(gfon, f ) < (im0 d(gf@n, gt) + limp i o0 d(gt, gg2,)]
n—-+oo 2.A
=0y4.
Therefore, f and g are compatible of type (A). O

Proposition 2.4. Let f and g be continuous on a C*-algebra-valued metric space
(X, A, d) into itself. If f and g are compatible of type (B), then they are compatible.
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PROOF. Let {z,} be a sequence in X such that lim,,_,, fz, = lim, o gz, =1
for some t € X. Since f and g are continuous, we have

lim ffx,=ft= lim fgx,
n—-+o0o

n—+o00
and

lim gfx, =g9t= lim ggx,.

n—-+o0o n—-+o0o

By triangle inequality,
d(fgn, gfrn) 2 d(fgTn, 997n) + d(gg9Tn, gf2s).
Letting n — 400 and using f and g are compatible of type (B), we have
Jim d(fgan, gfrn)

24

<

+ lim d(ggn, gfrn)
n—+0o00
=0y4.
Therefore, f and g are compatible. O

Proposition 2.5. Let f and g be continuous on a C*-algebra-valued metric space
(X, A,d). If f and g are compatible, then they are compatible of type (B).

PROOF. Since f and g are compatible, there is {x,} a sequence in X so that
lim,, o fo, = lim,_, o gz, =t for some ¢t € X for which lim,,_, o, d(fgx,, gfx,) =
04. Since f and g are continuous,

lim ffx,=ft= lim fgx,
n—+oo

n—-+o0o
and
Jim g fen =gt = lm  ggin,
SO
Now
My, oo A(f 920, [1) 4 limy o0 d(fE, f [,
lim d(fgaa, ggan) = i oc A(Sg2n, [1) + 10 i d(SL, [/ 20)]
n——+00 2A
and

[hmn—H-oo d(gfxn, gt) + limy, oo d(gt, ggxn)]
24

lim d(gfx,, ffr,) =2
n—-+oo

?

which give f and g be compatible of type (B). O



ON VARIOUS TYPES OF COMPATIBLE JUNGCK-RHOADES PAIRS OF MAPPING 7

Proposition 2.6. Let f and g be continuous on a C*-algebra-valued metric space
(X, A,d). Then

(1) f and g are compatible if and only if they are compatible of type (B);

(2) f and g are compatible of type (A) if and only if they are compatible of type
(B).

PRrROOF. (1) It suffices to use Propositions 2.4 and 2.5.
(2) It suffices to use Propositions 2.2 and 2.3. O

Proposition 2.7. Let f and g be compatible mappings on a C*-algebra-valued
metric space (X, A,d). If ft = gt for somet € X, then fgt = fft = ggt = gft.

PROOF. Let {z,} be a sequence in X defined by x, =t, n = 1,2,... for some
t € X and ft = gt. Then fx,, gz, — ft asn — +oo. Since f and g are compatible,

d(fgt.gft) = lm d(fgan, gfrn) = 0.
Hence we have fgt = ggt. Since ft = gt, we have fgt = fft = ggt = gft. OJ
Utilizing Proposition 2.7, we infer

Proposition 2.8. Let f and g be compatible mappings on a C*-algebra-valued
metric space (X, A,d). Suppose that im,_, o fr, = lim, i gz, = t for some
te X. Then

(@) imy, 400 gfxn = ft if [ is continuous at t.

(b) lim,, 100 fgx, = gt if g is continuous at t.

(¢) fgt = gft and ft =gt if f and g are continuous at t.

PROOF. (a) Suppose that f is continuous at . Since
lim,, o fr, =lim, 1o g, =t for some t € X, we have fgx, — ft as n — 4o0.
The mappings f and g are compatible, so

Jim d(gfan, ft) = lim d(gfen, fgz.) + lim d(fgza, f1)

= 04

Therefore, lim,, , . gfx, = ft.

(b) The proof of lim,,_, 1 fgz, = gt follows by similar arguments as in (a).

(¢) Suppose that f and g are continuous at t. Since gz, — t as n — 400 and
f is continuous at ¢, by (a), gfx, — ft as n — +o00. On the other hand, g is also
continuous at t, gfx,, — gt. Thus, we have ft = gt by the uniqueness of limit and
so by Proposition 2.8, fgt = gft. O

Proposition 2.9. Let f and g be compatible mappings of type (B) on a C*-
algebra-valued metric space (X, A,d). If ft = gt for somet € X, then fgt = fft =
g9t = g ft.
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PRrOOF. Let {z,} be in X defined by x, = forn = 1,2, ... (for some ¢t € X with
ft = gt). Then fx,,gx, — ft as n — +oo. Since f and g are compatible of type
(B), we have

d(fgt,ggt) = Jim d(fgzn, g9,)

~ [limn—H-oo d(fgxm fft) + limy, 4 oo d(fft7 ffxn)]
= 24

=04.
Thus, fgt = ggt. Since ft = gt, we have fgt = fft = ggt = gft. OJ
From Proposition 2.9, we have

Proposition 2.10. Let f and g be compatible mappings of type (B) on a C*-
algebra-valued metric space (X, A, d). Suppose that lim,,_,  fx, = lim, 1 gz, =
t for somet € X. Then

(@) imy, 400 g9, = ft if [ is continuous at t.

(b) imy, 100 ffxn = gt if g is continuous at t.

(¢) fgt = gft and ft = gt if f and g are continuous at t.

PROOF. (a) Suppose that f is continuous at t. Since
lim, o fr, = lim, 1 gz, = t for some t € X, we have ffx,, fgr, — ft as
n — +oo. Since f and g are compatible of type (B), we have

lim d(ft,ggz,) = lim_d(fgzn, ggza)

n—-+o0o
Mmoo d(F g, 1) + i yoe d(f2, [ f2)
- 2A
= d(ft, ft) = 0.4

Therefore, lim,, 1o g9, = ft.

(b) The proof of lim,,_, 1 ffx, = gt follows by similar arguments as in (a).

(¢) Suppose that f and g are continuous at t. Since gz, — t as n — +oo and
f is continuous at ¢, by (a), g9z, — ft as n — +o00. On the other hand, ¢ is also
continuous at t, ggx,, — gt. Thus, we have ft = gt by the uniqueness of limit and
so by Proposition 2.9, fgt = gft. O

REMARK 2.1. In Proposition 2.10, let f and g be compatible maps of type (C')
or of type (P) instead of of type (B), the conclusion of Proposition 2.10 remains the
same.

REMARK 2.2. In Proposition 2.10, let f and g be compatible maps of type (C')
or of type (P) instead of type (B), the conclusion of Proposition 2.10 remains the
same.

The notions of compatibilities and its variants are independent of each other.
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Example 2.2. Take X = R and A = M,(C). Define d : X x X — A by

_(lv=nl 0
d(%ﬂ) - < 0 ]{?'V—V| )

where k > 0. Then (X, A4, d) is a C*-algebra-valued metric space . Consider f and
g defined on X by

L if v #£0, L if v £0,
fr=<" and gv ="
2 ifv=0.
Then f and g are not continuous at ¢t = 0. Define {z,} in X by z, = n for each

n:1,2,....Ifn—>+oo,wehavefxn:$—>t20, gxn:%%t:Oand

: L 1y . o oy I
nl_lglood(fg.rn,gfxn) —nl_lglood (fﬁ’gﬁ) = lim d(n*,n") — 04.

n—-4o0o

While, we have no existence of the following limits:

lim d(fge,, ggen) = lim d(n? n) = In? — nl 0 My
n—-+oo mns n N oo } O k‘nQ _ n|

24

M>+oo

and

lim d(gfz,, ffz,) LN +00
n—-+00

limy, 400 d(gf2n, g0) + lim,, o d(g0, ggx,,)

24
M> +00
Also lim,, o0 d(fgxy, gg,) M> +oo and lim, 400 d(gfxn, ffx,) M> 400 and
we get
im0, (g, £0) + Ty d(FO, fF2,) + limys s d(£0, g,

34

M>—|—oo

and
[hmn—H—oo d(gfrn, g0) + lim,, 1 d(g0, ggr,) + lim, 1o d(gO0, ffxn)}

34

W, 4o
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Also

i d(ffryg9,) = tim dn' ) L+

n—-+0o —+00
Therefore, f and g are compatible, but they are not compatible of type (A),
compatible of type (B), type (C) and of type (P).

Example 2.3. Let X = [2,4] and A = M5(C). Let d: X x X — A by

_ [ lv—=u 0
d<V7M>—< O kly_ﬂ| )

where k& > 0. Then (X, A, d) is a C*-algebra-valued metric space. Define f and
g: X — X by

2 if v=2,

v if2<r <3

2
”T“ ifv>3.

and gv =

2 if v=2orv>3,
fr=
vr+1 if2<v<3

Then f and g are not continuous at ¢ = 2. We claim that f and g are not compatible,
but they are compatible of type (A), of type (B), of type (C) and of type (P).

For this, let {z,} =3+ 1 C [2,4] so that fz,, gz, — 2.

Now,

lim d(fgx,,gfz,) 7|ﬂ> 04.

n—-+00

Further, we have

lim d(fgxn, ggx,) A, 0.4,
n—-+o0o

(100, (g0, 12) + ity (2, /)]

Gy

lim d(gfx,, ffr,) — 04,
n—-+00

O N
N O

and

[hnmﬁ+m¢ﬂgf@wgm—+hnmﬁ+mwﬂglggx0

(5 1)
0 3

Also limy, 4o d(f g2, gg2n) = 04 and limy,_, o d(gfn, ff2,) = 04 and we get

24

e

[\

k

[ A9, f2) T oo d(F2, ff ) + i oo (2, 990)| (
3

34

O win

)
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and

[hmn%Jroo d(gfan, 92) + im0 (92, ggn) + lim, 1 d(92, ffxnﬂ (
34

O wi
vl o
N~

as r, — 2 and lim,,_, fz, = lim,, . gz, = 2.

Also,
lim d(ffx,,gg9z,) 7'& 04.
n—-+00

Thus, f and g are compatible mappings of type (A), of type (B), of type (C) but f
and g are not compatible and compatible of type (P).

3. Common fixed point results

In this section, we prove some common fixed point theorems via compatibility
in C*-algebra-valued metric space (X, A, d).

Theorem 3.1. Let A, B, S and T be self-mappings on a complete C*-algebra-
valued metric space (X, A,d) so that:
(C1) SX C BX and TX C AX;

(Co)
(d(Sz,Ty))* < P*M(z,y)P,
for all x,y € X, where P € A with ||P| <1, and
d(By, Ty),
d(By, Ty)};

(C3) one of A, B, S and T is continuous.
If (A,S) and (B,T) are compatible, then A, B, T and S possess a unique common
fixed point.

ProoOF. Take zq € X. Since SX C BX, there is ;1 € X so that Sxy = Bz, =
vg. Similarly, since T X C AX, there is x5 € X so that Txy = Axy = v,. Continuing
in this direction, one can construct sequences so that

Vay, = STay = B$2n+1, Von+1 = T$2n+1 = A$2n+2-
Taking z = x5, and y = xg,41 in (Cs), we have

(d(Van, Vant1))? = d(Sxon, TTons1) = P*M (22, Toni1) P,
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where

M(x2n7 w?n—&—l)
= max{d(Axgn, SxQn) : d(Bx2n+1a T$2n+1)’ d(AxQny Tx2n+1) : d(Baj2n+17 SmZn)a

d(Bxopi1, SToy) - d(Bxon i1, Toony1), (d(A2on, Brony1))?, d(Azay,, S1ay)-

d(Bxapt1, ST2n), d(Aon, Bxont1) - d(Bropi1, ST2n), d(Aon, BToni)-

d(Bxopi1, Twon41)} = max{d(van_1,V2) - d(Vop, Vapt1), d(Von—1, Vant1) - d(Vap, Uay),
d(Van, Vo) - d(Van, Vans1), (d(Van—1,020))%, d(Van—1, Van) - d(Van, Van),

d(van—1,V2n) - d(V2n; Van), d(Van-1,V2n) + d(V2n, Vant1)}

= max{d(van—1,V2n) - d(Van, Vans1), 04,04, (d(V2n-1, V2n))?, 04, 04, d(V2n—1, Uan)-

d(UQm U2n+1)} = maX{d(U%—l, Uzn) : d(U2m U2n+l)7 04, (d(UZn—la U?n)>2}-

Suppose that d(ve,,vVang1) = d(va,_1,09,) for some n, then (d(va,,vani1))? <
(d(Von, Vani1))?, a contradiction. So, d(van, Vony1) = d(Von_1,vay,) for each n > 1.
Hence

(d(v2n, vans1))* X PH(d(van—1,v20))* P. (1)
We also obtain

(d(v2nt1, Vans2))® = P*(d(Vzn, Vangr))* P. (2)
From (1) and (2), continuing in this direction,

(A(Un Uns1))* = = (P7)"(d(vo, v1))*P",

for all n > 2. For m,n € N with m > n, using triangular inequality in C*-algebra-
valued metric space (X, A4, d), we have

(d(vn, Um))z = (d(vn, Un+1))2 + o+ (d(Vm-1, Um))Q
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because that d? is a C*-algebra-valued metric as d is a C*-algebra-valued metric.
Thus,

(P*)"(d(vo,v1))? P + -+ - 4+ (P*)"™H(d(vg, v1) ) P
< [(P)"P™ 4 ... (P)Y™ ' P™ Y(d(vy, v1))?
[( )

j Pn)*Pn N (Pm_l)*Pm_l]( (anvl )
m—1
=< > |P'PP(d(vg, vn))
_m—l
<> 1P P(d(vo, 1)) 14
1

< D 1P PHI (o, v1))? ] La

m—1
= Z IP#[[I(d(vo, v1))?|| 1

. eI
(=17l

Thus, d(vy,, Uy, )? tends to 04 as m,n — +oo. Thus, the sequence {v,,} is Cauchy
in X. Consequently, the subsequences {Sxa,}, {Aza,}, {Tx2n11} and {Bxg,41} of
the sequence {v,} also converge to z.

Suppose that A is continuous. Then {AAxs,}, {ASzo,} converge to Az. Since
A and S are compatible, by Proposition 2.8, {SAz,,} is convergent to Az. We claim

1(d(vo,v1))?||1a-

that z = Az. Taking x = Axy, and y = 9,41 in (Cy), we have
(d(SAzay, TTopi1))? = P*M(Azay,, Topi1) P,
where
M (Axop, xony1) = max{d(AAxs,, SAxs,) - d(Bxopi1, TTont1), d(AAxe,, Txon 1)
d(Bxopi1, SATe,), d(Broniy, SATey) - d(Bxopy1, Toony1), (d(AAxg,, Brayy1))?,
d(AAxsy,, SAxs,) - d(Bxoni1, SATay,), d(AAxs,, Brayy1) - d(Brony1, SATa,),
d(AAzs,, Bropi1) - d(Bxopir, To2q41)}-
Letting n — +00, we have
(d(Az,2))* = P*M(z,2)P,
where
M(z,2) = max{d(Az, Az) - d(z,2),d(Az, 2) - d(z, Az),d(z, Az) - d(z, 2), (d(Az, 2))?,
d(Az, Az) - d(z,Az),d(Az, 2) - d(z, Az),d(Az, z) - d(z, 2) }.
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This gives that d(Az,z) = 0y, i.e., Az = z.
We shall show that Sz = z. Consider = = z and y = xg,41 in (Cy),
(d(Sz, Taonyi1))* = P*M(z,29,41)P,
where
M (z,x9,11) = max{d(Az,Sz) - d(Bxoni1, TTons1),d(Az, Txo,11) - d(Brani1, Sz),
d(Bxony1,S8%) - d(Bxoni1, Toont1), (d(Az, Bxayi1))?, d(Az, S2) - d(Brgn,1, S2),
d(Az, Bxoyi1) - d(Bxans1,52),d(Az, Broyy1) - d(Bxopi1, Txoni1)}
Letting n — +00, we have
(d(Sz,2))* < P*M(z,2)P,
where
M(z,2) = max{d(z, Sz) - d(z, 2),d(Az, 2) - d(z,Sz),d(z, Sz) - d(z, 2), (d(Az, 2))?,
d(z,5z)-d(z,52),d(z,2) - d(z,5%2),d(z, 2) - d(z, 2)}.
This leads to Sz = z.

Since SX C BX, there is u € X so that z = Sz = Bu.
Now, putting z = z and y = u in (Cy),

(d(z,Tu))?* = (d(Sz,Tu))* = P*M(z,u)P,
where
M (z,u) =max{d(Az, Sz) - d(Bu,Tu),d(Az,Tu) - d(Bu, Sz),d(Bu, Sz)-
d(Bu,Tu),(d(Az, Bu))? d(Az, Sz) - d(Bu, Sz),d(Az, Bu) - d(Bu, Sz),d(Az, Bu)-
d(Bu, Tu)} = max{d(z, z) - d(z,2),d(z,2) - d(z, 2),d(z, 2) - d(z, Tu), (d(z, 2))?,
d(z,2) - d(z,2),d(z,2) - d(z,2),d(z,2) - d(z,Tu)}.
Thus, z = T'u. Since (B, T') is compatible and Bu = Tw = z, by Proposition 2.7, we
get BTu = T'Bu and so Bz = BTu = T'Bu = T'z. Putting again x = z and y = z
in (Cy),
(d(z,Bz))* = (d(Sz,Tz))* < P*M(z, 2)P,
where
M(z,z) =max{d(Az,Sz)-d(Bz,Tz),d(Az,Tz) - d(Bz,Sz),d(Bz,Sz) - d(Bz,Tz),
(d(Az, B2))*,d(Az, Sz) - d(Bz,Sz),d(Az, Bz) - d(Bz,Sz),d(Az, Bz) - d(Bz,Tz)}
=max{d(z,2)-d(Bz,Tz),d(z,Bz) -d(Bz,z),d(Bz,z) - d(Bz,Tz),
(d(z, B2))*d(z, 2) - d(Bz, 2),d(z, Bz) - d(Bz, 2),d(z, Bz) - d(Bz,Tz)}.
Hence z = Bz. We deduce that z = Bz =Tz = Az = Sz, i.e., z is a common fixed

point of A, B, S and T.
The proof is done similarly when B is continuous.
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We consider that S is continuous. Here, {SSxzs,} and {SAx,,} are convergent
to Az as n — 4o00. Since A and S are compatible, by Proposition 2.8, {ASxs,} is
convergent to Az. Taking x = Szy, and y = x9,41 in (Cy),

(d(SSan, Twap41))? = P*M(San, Tan41) P,
where
M (Sxopn, xony1) = max{d(ASxa,, SSxae,) - d(Bropi1, Txoni1), d(ASToy, Txonyi):
d(Ban i1, SSw9), d(Brani1, SS2,) - d(Baanir, Tani1), (d(ASTan, Banin))?,
d(ASxo,, SSxay,) - d(Bxayy1, SSTay), d(ASxeyn, Brayi1) - d(Bxony1, SSTay),
d(ASTay,, Bxani1) - d(Bropi1, Txoni1)}-
Letting n — +00, we get
(d(Sz,2))* = P*M(z,2)P,
where
M (z,z) =max{d(Sz, Sz) - d(z,2),d(Sz,2) - d(z,82),d(z,Sz) - d(z, 2), (d(Sz, 2))?,
d(Sz,Sz)-d(z,82),d(Sz, z)-d(z,8%),d(Sz, z) - d(z, z)}.

so Sz = z. Since SX C BX, there is v € X so that z = Sz = Bv. By taking
x = Swg, and y = v in (Cy), we have

(d(SSxay,, Tv))* = P*M(Sxa,,v)P,
where
M (Sxa,,v) = max{d(ASxa,, SSxa,) - d(Bv, Tv),d(ASxa,, Tv) - d(Bv, SSta,),

d(Bv, SSxy,) - d(Bv, Tv), (d(ASxa,, Bv))?, d(ASxy,, SSxa,) - d(Bv, SSxa,),
d(ASxg,, Bv) - d(Bv, SSty,), d(ASxay,, Bv) - d(Bv, Tv)}.
Letting n — 400, we have
(d(z,Tv))* = P*M(z,v)P,
where
M(z,v) =max{d(z, z) - d(z,Tv),d(z,Tv) - d(z, 2),d(z, 2) - d(z, Tv), (d(z, 2))?,
d(z,z) - d(z,2),d(z,2) - d(z,2),d(z,2) - d(z,Tv) },

that is, z = Tw.
Since B and T are compatible and Bv = Tv = z, by Proposition 2.7, we have
BTv =TBv, so Bz = BTv =TBv =Tz. Consider

(d(Sxon, T2))? = P*M (19, 2)P,
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where
M (29, z) = max{d(Axy,, Sxa,) - d(Bz,Tz),d(Axs,,Tz) - d(Bz, Sxa,),
d(Bz, Swy,) - d(Bz,Tz), (d(Azay,, B2))?, d(Azay,, Stay,) - d(Bz, Swa,,),
d(Azay,, Bz) - d(Bz, Sta,), d(Axe,, Bz) - d(Bz,Tz)}.
Letting n — +00, we get
(d(=,T=))? < P*M(z, 2)P.
where
M(z,z) =max{d(z,z) - d(Bz,Tz),d(z,Tz) - d(Tz,z),d(Tz,z) - d(Bz,Tz),
(d(z,Tz2))? d(z,2)-d(Tz,2),d(z,Tz) - d(Tz, z),d(z,Tz) - d(Bz,Tz)},
so Tz = z.
Since TX C AX, there is w € X so that z =Tz = Aw.
On taking z = w and y = z in (Cy), we get
(d(Sw, 2))* = (d(Sw, Tz))* = P*M(w, z)P,
where
M(w, z) = max{d(Aw, Sw) - d(Bz,Tz),d(Aw,Tz) - d(Bz, Sw),d(Bz, Sw)-
d(Bz,Tz), (d(Aw, Bz))? d(Aw, Sw) - d(Bz, Sw), d(Aw, Bz) - d(Bz, Sw), d(Aw, Bz)-
d(Bz,T2)} = max{d(z, Sw) - d(z, 2),d(z, ) - d(z, Sw), d(z, Sw) - d(z, 2), (d(z, 2))?,
d(z,Sw) - d(z, Sw),d(z, 2) - d(z, Sw),d(z, 2) - d(z, 2)}.
Thus, Sw = z. Since A and S are compatible and Sw = Aw = z, by Proposition 2.7,
we have ASw = SAw, so Az = ASw = SAw = Sz,ie., 2 =Az=Sz=Bz="Tz.
Therefore, z is a common fixed point of A, B, S and 7.
The proof is similar when 7" is continuous.
Finally, suppose that z and w (2 # w) are two common fixed points of A, B, S

and 7T
On putting x = z and y = w in (Cy), we get,

(d(z,w))* = (d(Sz,Tw))*> < P*M(z,w)P,
where
M(z,w) =max{d(Az,Sz) - d(Bw,Tw),d(Az,Tw) - d(Bw, Sz),d(Bw, Sz)-
d(Bw, Tw),(d(Az, Bw))? d(Az, Sz) - d(Bw, Sz),d(Az, Bw) - d(Bw, Sz),
d(Az, Bw)-d(Bw,Tw)} = max{d(z, z) - d(w,w),d(z,w) - d(w, 2),d(w, z) - d(w,w),
(d(z,w)),d(z,2) - d(w, 2),d(z,w) - d(w, 2),d(z,w) - d(w,w)},

which yields that z = w. Therefore, z is the unique common fixed point of A, B, S
and T 0
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The following corresponds to compatible mappings of type (A).

Theorem 3.2. Let A, B, S and T be mappings of a complete C*-algebra-valued
metric space (X, A,d) into itself satisfying (C1)-(C3). If (A,S) and (B,T) are
compatible of type (A), then A, B, S and T have a unique common fixed point.

PROOF. Assume that A is continuous. Since (A4, S) is compatible of type (A),
by Proposition 2.1, (A, S) is compatible, so result easily follows using Theorem 3.1.

Similarly, if B is continuous and (B,T) is compatible of type (A), then (B,T)
is compatible so result easily follows from Theorem 3.1.

Similarly, we can complete the proof when S or T is continuous. O

The following is for compatible mappings of type (B).

Theorem 3.3. Let A, B, S and T be mappings of a complete C*-algebra-valued
metric space (X, A,d) into itself satisfying (C1)-(C3). If (A,S) and (B,T) are
compatible of type (B), then A, B,S and T have a unique common fized point.

PRrROOF. From Theorem 3.1, we have that {v,} is a Cauchy sequence in X.
Consequently, the subsequences {Sxa,}, {Azon}, {Txoni1} and {Bxa,i1} of {v,}
converge to z.

Assume that S is continuous.

Then {SSz9,} and {SAxy,} converge to Sz as n — +oo. The compatibility of
(A, S) of type (B), and Proposition 2.10 yield that {AAzs,} is convergent to Sz.
On putting z = Azy, and y = 29,41 in (Cy), we get

(d(SAwo, TToni1))* = P*M(Axgy,, 2ony1) P,

where
M (Axoy, xopy1) = max{d(AAxs,, SAxs,) - d(Bxopi1, TToni1),
d(AAxe,, Txoni1) - d(Bxoyi1, SAxey,), d(Broy i1, SATay,) - d(Bayi1, TTony1),
(d(AAxg,, Brony1))?, d(AAxs,, SAT,) - d(Bxony1, SATay,), d(AAzs,, Broyi1)-
d(Bxopi1, SAxa,), d(AAy,, Brayy1) - d(Bropy1, TToni1)}-

Letting n — +o00, we get

(d(Sz,2))* < P*M(z,2)P,
where
M (z,z) = max{d(Sz,Sz) - d(z,2),d(Sz,2)-d(z,S%),d(z,S2) - d(z,2), (d(Sz,2))?
d(Sz,8z)-d(z,52),d(Sz,z) - d(z,52),d(Sz,z) - d(z, 2)},

That is, Sz = 2. Since SX C BX, there is u € X so that z = Sz = Bu. Putting
x = Axg, and y = u in (Cy), we get

(d(SAzg,, Tu))?* = P*M(Axg,,u)P,
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where
M (Axopn, u) = max{d(AAzxsy,, SAzy,) - d(Bu, Tu),d(AAzy,, Tu) - d(Bu, S Axy,),
d(Bu, SAxy,) - d(Bu, Tu), (d(AAxy,, Bu))?, d(AAxy,, SAxs,) - d(Bu, S Avy,),
d(AAzy,, Bu) - d(Bu, SAxsy,), d(AAzs,, Bu) - d(Bu, Tu)}.

Letting n — 400,

(d(Sz, Tu))? < P*M(z,u)P,

where

M (z,u) = max{d(Sz, Sz) - d(Sz,Tu),d(Sz,Tu) - d(Sz,Sz),d(Sz,Sz) - d(Sz,Tu),
(d(Sz,S2))?,d(Sz,Sz) - d(Sz,Sz),d(Sz,Sz) - d(Sz,Sz),d(Sz,Sz) - d(Sz, Tu)}.
This gives that Tu = Sz (z = T'u). Since the pair (B,T) is compatible of type (B)
and Bu = z = T'u. By Proposition 2.10, we have T'Bu = BTw and so Bz = BTu =

TBu=1Tx.
On taking z = x9, and y = z in (Cy),

(d(Szon, T2))? = P*M (29, 2) P,
where
M (zap, 2) = max{d(Azay,, Sxa,) - d(Bz,Tz),d(Axs,, Tz) - d(Bz, Sxa,),d(Bz, Sxay)-
d(Bz,Tz), (d(Axy,, B2))?, d(Axap, Stay,) - d(Bz, Sta,), d(Ag,, Bz) - d(Bz, Sta,),
d(Azy,, Bz) -d(Bz,Tz)}.
Letting n — +o0,
(d(z,Tz))* = P*M(z,2)P,
where
M(z,2) = max{d(z, z) - d(Tz,Tz),d(z,Tz) - d(Tz, z2),d(Tz,z2)-d(Tz,Tz), (d(z,Tz))?
d(z,2)-d(Tz,z),d(z,Tz) - d(Tz,z2),d(z,Tz) - d(Tz,Tz)},
which leads to Tz = z.
Since TX C AX, thereis v € X so that 2 =Tz = Av. On putting z =v and y = 2
in (Cy), we get
(d(Sv,Tz))* < P*M(v, 2)P,
where
M (v, z) =max{d(Av, Sv) - d(Bz,Tz),d(Av,Tz) - d(Bz, Sv),d(Bz, Sv) - d(Bz,Tz),
(d(Av, B2))?,d(Av, Sv) - d(Bz, Sv),d(Av, Bz) - d(Bz, Sv),d(Av, Bz) - d(Bz,Tz)},
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so Sv = z. Since the pair (A, S) is compatible of type (B) and Sv = z = Awv, it
follows from Proposition 2.9 that Sz = SAv = ASv = Az. Therefore, Az = Bz =
Sz =Tz = z and so z is a common fixed point of A, B, S and T.

Suppose that A is continuous. Then {AAxy,} and {ASzy,} converge to Az as
n — +o00. Since (A, S) is compatible of type (B), it follows from Proposition 2.10
that {SSxy,} is convergent to Az. By putting z = Sz, and y = xg,41 in (Cy), we
get

(d(SSwopn, Trony1))* = P*M(Sxop, Toni1)P,

where

M (Sxopn, xony1) = max{d(ASza,, SSxae,) - d(Bropi1, Txoni1), d(ASTon, Txonyi1):
d(Bxon i1, SSTay,), d(Boni1, SSTay,) - d(Bxony1, TTonyi1), (d(ASToy,, Brani1))?,
d(ASxo,, SSxay) - d(Bxoyny1, SSxay), d(ASxeyn, Brayyi1) - d(Broyy1, SSTay),
d(ASxoy,, Broyi1) - d(Bropi1, TTony1)}

Letting n — +o00, we get

(d(Az,2))* = P*M(z,2)P, for all z,y € X,
where

M (z,z) = max{d(Az, Az) - d(z, 2),d(Az,2) - d(z, Az),d(z, Az) - d(z, 2), (d(Az, 2))?,
d(Az, Az) - d(z,Az),d(Az, 2) - d(z, Az),d(Az, z) - d(z, 2) }.

That is, Az = z. On putting x = z and y = 29,41 in (Cy), we get
(d(SzaTI2n+1))2 j P*M(Zax2n+1)P7

where

M (z,x9n11) = max{d(Az,Sz) - d(Bxopi1, TTons1), d(Az, Txoy11) - d(Bxapi, Sz),
d(BZEQn+1, SZ) . d(Bl’Qn_H, Tl’gn_H), (d(AZ, B$2n+1))2, d(AZ, SZ) . d<B$2n+1, SZ)7
d(AZ, Bl’gn_H) . d<B$2n+1, SZ), d(AZ, Bl’gn_H) . d(Bl’Qn_H, TJ]Qn_H)}.

Letting n — +o00, we get

(d(Sz,2))> < P*M(z,2)P, for all z,y € X,
where
M(z,2) = max{d(z, Sz) - d(z, 2),d(z, 2) - d(z,S2),d(z, Sz) - d(z, 2), (d(z, 2))?,
d(z,8z) - d(z,5z2),d(z, z) - d(z,52),d(z,2) - d(z, z)}.
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Hence Sz = z. Since SX C BX, there is w € X so that z = Sz = Bw. On putting
r=zand y =w in (Cy), we get

(d(z,Tw))?* = (d(Sz, Tw))* = P*M(z,w)P, forallz,y € X,
where
M (z,w) = max{d(Az, Sz) - d(Bu,Tw),d(Az, Tw) - d(Bw, Sz),d(Bw, Sz) - d(Bw, Tw),
(d(Az, Bw))? d(Az, Sz) - d(Bw, Sz),d(Az, Bw) - d(Bw, Sz),d(Az, Bw) - d(Bw, Tw)}
= max{d(z, 2) - d(z, Tw),d(z, Tw) - d(z, 2),d(z, 2) - d(z, Tw), (d(z, 2))?,
d(z,2)-d(z,2),d(z,2) - d(z,2),d(z,2) - d(z, Tw)}.
This leads to z = Tw. Since (B,T') is compatible of type (B) and Bw = z = Tw,

from Proposition 2.9, TBw = BTw and so Bz = BTw =TBw =Txz.
On taking z = z and y = 2z in (C3), we have

(d(Sz,Tz))* < P*M(z,2)P,
where
M(z, z) = max{d(Az,Sz) - d(Bz,Tz),d(Az,Tz) - d(Bz,Sz),d(Bz, Sz)-
d(Bz,Tz),(d(Az, Bz))? d(Az,Sz) - d(Bz,Sz),d(Az, Bzy) - d(Bz, Sz),d(Az, Bz)-
d(Bz,Tz)} = max{d(z,2) - d(Tz,Tz2),d(2,Tz) - d(Tz,z),d(Tz,z) - d(Tz,Tz),
(d(z, B2))?,d(z,2) -d(Bz,2),d(2,Tz) - d(Tz,2),d(z,Tz) - d(Tz,Tz)}.
Then z = T'z. Therefore, z is a common fixed point of A, B,S and T.

The proof is similar when B or T are continuous.
Finally, if z and w (z # w) are two common fixed points, then we have

(d(z,w))* = (d(Sz,Tw))* < P*M(z,w)P,
where
M (z,w) = max{d(Az,Sz) - d(Bw,Tw),d(Az, Tw) - d(Bw, Sz),
d(Bw, Sz) - d(Bw, Tw), (d(Az, Bw))? d(Az, Sz) - d(Bw, Sz),
d(Az, Bw) - d(Bw, Sz),d(Az, Bw) - d(Bw, Tw)},

so z = w. Therefore, z is the unique common fixed point of A, B, S and T

The following corresponds to compatible mappings of type (C).

Theorem 3.4. Let A, B,S and T be mappings of a C*-algebra-valued metric
space (X, A, d) into itself satisfying (C1)-(C3).

Suppose that the pairs (A, S) and (B, T) are compatible of type (C'). Then A, B, S
and T have a unique common fized point.
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PROOF. Here we skip the proof, keeping in view the length of the paper. O
Finally, we give the following theorem for compatible mappings of type (P).

Theorem 3.5. Let A, B, S and T be mappings of a complete C*-algebra-valued
metric space (X, A,d) into itself satisfying (C'1)-(C3).

Suppose that the pairs (A, S) and (B, T) are compatible of type (P). Then A, B, S
and T have a unique common fized point.

PROOF. From Theorem 3.1, we have that {v,} is a Cauchy sequence in X.
Consequently, the subsequences {Sz,}, {Axa,}, {TT2,41} and {Bxg,1} of {v,}
converge to z as n — +00.

Assume that S is continuous.

Then {SSxa,}, {SAxs,} converge to Sz as n — +00. Since (A4, S) is compatible of
type (P), {AAxy,} converges to Sz as n — +00.

We claim that Sz = z. On putting z = Azy, and y = z9,,1 in (Cy), we have

(d(SAzg,, Txon11))* < P*M(Azgn, Toni1) P,
where
M (Axap, T9n41) = max{d(AAzy,, SATs,) - d(Brani1, TT241),
d(AAxe,, Txoni1) - d(Bxopi1, SAxey,), d(Brony1, SATay,) - d(Bxopi1, TTony1),
(d(AAxg,, Broyy1))?, d(AAxs,, SAT,) - d(Bxony1, SATsy,), d(AAz,, Broni1):
d(Bxopi1, SAxa,), d(AAzy,, Brayy1) - d(Bropy1, TToni1)}-

Letting n — 400, we have

(d(Sz,2))* = P*M(z,2)P,
where
M(z,z) =max{d(Sz,Sz) - d(z,z2),d(Sz,z2) - d(z,52),d(z,5%) - d(z, z),
(d(Sz,2))?,d(Sz,82)-d(z,8%),d(Sz,z) - d(z,52),d(Sz, z) - d(z, 2)}.

This proves that Sz = z. Since SX C BX, there is u € X so that z = Sz = Bu.
We claim that Tu = z. On taking © = x5, and y = u in (Cy), we have

(d(Sxon, Tu))* < P*M (29,,u)P,
where
M (29, u) = max{d(Axapn, Say,) - d(Bu, Tu),d(Axe,, Tu) - d(Bu, Sta,),
d(Bu, St,) - d(Bu, Tu), (d(Aza,, Bu))?, d(Axay, Sxa,) - d(Bu, Swa,,),
d(Axaep, Bu) - d(Bu, Sxay,), d(Axae,, Bu) - d(Bu, Tu)}.

At the limit n — +o00, we have



22 PARVEEN KUMAR, LJILJANA PAUNOVIC, AND NICOLA FABIANO*

(d(z,Tu))*> = P*M(z,u)P,
where
M(z,u) =max{d(z,z) - d(z,Tu),d(z, Tu) - d(z, 2),d(z, z) - d(z, Tu),
(d(z,2))?,d(z,2) - d(z,2),d(z,2) - d(z,2),d(z, 2) - d(z, Tu)}.
Thus, z = Tu. So Bu = Tuw = z. Since (B,T) is compatible of type (P), we have

TTu = BBu, which gives that d(Bz,Tz) = 04. Hence Tz = Bz.
Now we claim that Tz = z. On putting z = xs, and y = z in (C3), we have

(d(Sz9n,T2))? = P*M (29, 2) P,
where
M (29, z) = max{d(Azy,, Sxo,) - d(Bz,Tz),d(Axs,, Tz) - d(Bz, Sxa,),
d(Bz, Sxa,) - d(Bz,Tz), (d(Azyy,, B2))?, d(Axgy,, Sxay,) - d(Bz, Stay,),
d(Azyy,, Bz) - d(Bz, Sta,), d(Axe,, Bz) - d(Bz,Tz)}.
Letting n — 400, we have z =Tz, s0 Bz =Tz = 2.
Since TX C AX, there is v € X so that z =Tz = Av.
We claim that Sv = z. Now, on taking x = v and y = z in (C3), we have
(d(Sv,2))* = (d(Sv,Tz))* < P*M(v, 2)P,
where
M (v, z) =max{d(Av, Sv) - d(Bz,Tz),d(Av,Tz) - d(Bz, Sv),d(Bz, Sv)-
d(Bz,Tz),(d(Av, B2))?, d(Av, Sv) - d(Bz, Sv),d(Av, Bz) - d(Bz, Sv), d(Av, Bz)-
d(Bz,Tz)}.
This implies that z = Sv. Therefore, z = Sv = Av. Since (A4, S) is compatible of
type (P), we have SSv = AAv, which implies that d(Sz, Az) = 04. Hence Sz = Az.
Since Az = Bz =Sz =Tz = z, z is a common fixed point of A, B,S and T.

The proof is the same when either A, or B, or T is continuous.
The uniqueness follows easily. 0

Following example supports our main theorems, there by making our concepts
more transparent and easy to understand.

Example 3.1. Let X = [0, 3] with A = M(C).
Defined: X x X — A by

_ [ lv—=u 0
d<yalu> - < O kly_/l| )

where k > 0. Clearly, (X, A,d) is a C*-algebra-valued metric space .
Define Sv =1, Tv =1, Bv =v and Av = VTH for allv > 1. Note that
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(1) SX C BX,TX C AX;
(i) A, B,S and T are continuous;
(71i) the pairs (A,S) and (B,T) are compatible, and are compatible of type (A),
of type (B), of type (C) and of type (P).
Take x,, = 1+%f0rn2 1. Then x, — 1 as n — +o00. Now,

lim Az, = lim Sz,= lim Bz,= lim Tx,=1=tc X

n—-+o0o n—+0o00 n——+00 n—-+0o
as n — 4o0. Also,
lim d(ASz,, SAx,) = 04, hI_P d(BTz,,TBx,) = 04,
n—-+0o0o

n—+oo
nl_l)lfoo d(ASz,,SSx,) = 04, n1—1>1:I|—100 d(SAx,, AAz,) = 04,
n1—1>rfoo d(BTz,, TTx,) = 04, nl_l}I}_loo d(T Bz, BBx,) = 0.4.

(iv) For ||P|| < 1, we have
(d(Sz, Ty))* = P*M(z,y)P,
holds for all x,y € X, where P € A and
M (z,y) = max{d(Ax, Sx) - d(By, Ty), d(Az, Ty) - d(By, Sz),d(By, Sz) - d(By, Ty),
(d(Aw, By))?, d(Az, Sz) - d(By, Sx),d(Ax, By) - d(By, Sz),
d(Az, By) - d(By, Ty)}.

All conditions of main theorems are satisfied, and 1 is the unique common fixed point
of A,B,S and T.

The interested reader could also consult [3, 4].
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