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The generalized Hyers-Ulam stability of

derivations in non-Archimedean Banach algebras

Abolfazl Niazi Motlagh

Abstract. In this paper, the generalized Hyers-Ulam stability of the functional

inequality

‖f(a) + f(b) + cf(d) + f(c)d‖ ≤
∥∥∥kf(a+ b+ cd

k

)∥∥∥, |k| < |2|,

in non-Archimedean Banach algebras is established.

1. Introduction

Let K be a field. A non-Archimedean absolute value on K is a function | · | :

K −→ [0,∞) such that for any a, b ∈ K
(i) |a| ≥ 0 and equality holds if and only if a = 0,

(ii) |ab| = |a||b|,
(iii) |a+ b| ≤ max{|a|, |b|}.
Condition (iii) is called the strict triangle inequality. By (ii), we have |1| =

| − 1| = 1. Thus, by induction, is concluded from (iii) that |n| ≤ 1 for each integer

n. In all, we always assume that | · | is non-trivial, i.e., that there is an a0 ∈ K
such that |a0| /∈ {0, 1}. Throughout this paper, we assume that the base field is a

non-Archimedean valuation field.

Definition 1.1. Let X be a linear space over a scalar field K with a non-

Archimedean non-trivial valuation | · |. A function ‖.‖ : X −→ R is a non-

Archimedean norm (valuation) if it satisfies the following conditions:

(I)‖x‖ = 0 if and only if x = 0;

(II) ‖rx‖ = |r|‖x‖ for all r ∈ K and x ∈ X ;

2010 Mathematics Subject Classification. Primary: 39B52; Secondary 39B82, 13N15, 46S10.
Key words and phrases. Banach algebra, Derivation, Generalized Hyers-Ulam stability, Non-

Archimedean Banach algebra.

17



18 ABOLFAZL NIAZI MOTLAGH

(III) the strong triangle inequality (ultrametric); namely,

‖x+ y‖ ≤ max{‖x‖, ‖y‖ (x, y ∈ X ).

Then (X , ‖.‖) is called a non-Archimedean normed space.

It is concluded from (III) that

‖xm − x‖ ≤ max{‖xj+1 − xj‖ : l ≤ j ≤ m− 1} (m > l).

Therefore, a sequence {xm} is Cauchy in X if and only if {xm+1− xm} converges to

zero in a non-Archimedean space. By a complete non-Archimedean space we mean

one in which every Cauchy sequence is convergent. A non-Archimedean Banach

algebra is a complete non-Archimedean algebra A which satisfies ‖ab‖ ≤ ‖a‖‖b‖ for

all a, b ∈ A. S. M. Ulam posed a number of important unsolved problems during his

talk at the university of Wisconsin in 1940 [15, 16]. One of his open problems was

the first stability problem as follows:

Let G1 be a group and let (G2, d) be a metric group. Given ε > 0 does there exists

a δ > 0 such that if a function f : G1 → G2 satisfies the inequality d(f(xy), f(x)f(y)) <

δ for all x, y ∈ G1, then there exists a homomorphism T : G1 → G2 such that

d(f(x), T (x)) < ε for all x ∈ G1?
Hyers [5] gave a first affirmative partial answer to the question of Ulam for Ba-

nach spaces. Hyers’ theorem was generalized by Aoki [1] for additive mappings and

by Rassias [13] for linear mappings by considering an unbounded Cauchy difference.

The paper of Rassias [13] has had a lot of influence in the development of what we

call generalized Hyers-Ulam stability or Hyers-Ulam-Rassias stability of functional

equations [2, 14]. Since then many mathematicians have been working on this area

of research [3, 4]. The stability of derivations was studied by C.-G. Park [12] and

Moslehian [6]. Beginning around the year 1980, the topic of approximate homomor-

phisms and derivations and their stability theory in the field of functional equation

and inequalities was taken up by several mathematicians. Also, the stability prob-

lems in non-Archimedean Banach spaces(algebras) are studied by Moslehian and

Rssias [7], Moslehian and Sadeghi [8, 9], Mirmostafaee [10] and Najati and Morad-

lou [11]. In this paper, we prove that if f satisfies the functional inequality

‖f(a) + f(b) + cf(d) + f(c)d‖ ≤
∥∥∥kf(a+ b+ cd

k

)∥∥∥, |k| < |2|, (1)

then f is a derivation. Moreover, we prove the generalized Hyers-Ulam stability of

functional inequality (1) in non-Archimedean Banach algebras.

2. Main Results

Throughout this section,A is a non-Archimedean Banach algebra on non-Archimedean

filed K that the characteristic of K is not 2 and X is a non-Archimedean Banach

A-bimodule.
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Proposition 2.1. Suppose that k is a fixed integer greater than 2 and |k| <
|2|. Let A be a unital non-Archimedean Banach algebra, X be a non-Archimedean

Banach A-bimodule and f : A −→ X be a mapping such that

‖f(a) + f(b) + cf(d) + f(c)d‖ ≤
∥∥∥kf(a+ b+ cd

k

)∥∥∥ (2)

for all a, b, c, d,∈ A. Then f is a derivation.

Proof. Taking a = b = c = d = 0 in (2) we have ‖2f(0)‖ ≤ ‖kf(0)‖ and

So by |k| < |2| we get (|2| − |k|)‖f(0)‖ ≤ 0. Therefore, f(0) = 0. We now show

that f is an odd function. Set b = −a and c = d = 0 in (2). Hence, we have

‖f(a) + f(−a)‖ ≤ |k|‖f(0)‖ and so f(−a) = −f(a) for all a ∈ A.

In this step we show that f(a2) = af(a) + f(a)a for all a ∈ A and therefore we

can conclude f(1) = 0. For this purpose it is enough to take a := a2, b := 0, c := −a
and d := a in (2). Thus, we get

‖f(a2) + f(0)− af(a) + f(−a)a‖ ≤
∥∥∥kf(a2 + 0− aa

k

)∥∥∥ = 0.

Now, letting c := 1 and d := −a− b in (2), we have

‖f(a) + f(b)− f(a+ b)‖ ≤
∥∥∥kf(a+ b− (a+ b)

k

)∥∥∥ = 0.

As a result, we have f(a+b) = f(a)+f(b). In the last step set a := ab, b := 0, c := −a
and d := b in (2) and so we can see that

‖f(ab) + f(0)− af(b)− f(a)b‖ ≤
∥∥∥kf(ab+ 0 + a(−b)

k

)∥∥∥ = 0.

Therefore, f(ab) = af(b) + f(a)b and this completes the proof. �

Theorem 2.2. Suppose that k is a fixed integer greater than 2 and |k| < |2|.
Let r < 1, θ be nonnegative real numbers and f : A −→ X be an odd mapping such

that f(1) = 0 and

‖f(a) + f(b) + cf(d) + f(c)d‖ ≤
∥∥∥kf(a+ b+ cd

k

)∥∥∥
+ θ(‖a‖r + ‖b‖r + ‖cd‖r) (3)

for all a, b, c, d ∈ A. Then, there exists a unique derivation D : A −→ X such that

‖f(a)−D(a)‖ ≤ 2 + |2|r

|2|r
θ‖a‖r (a ∈ A). (4)

Proof. Set a = b, c = −2a and d = 1 in(3). We have

‖f(a) + f(a) + (−2a)f(1) + f(−2a)‖ ≤
∥∥∥kf(a+ a+ (−2a)

k

)∥∥∥
+ θ(‖a‖r + ‖a‖r + ‖2a‖r)‖ (5)
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Therefore we can conclude that ‖2f(a) − f(2a)‖ ≤ (2 + |2|r)θ‖a‖r and so ‖f(a) −
2f(a

2
)‖ ≤

(
2+|2|r
|2|r

)
θ‖a‖r. Now, by induction we get∥∥∥2n+1f

( a

2n+1

)
− 2nf

( a
2n

)∥∥∥ ≤ ( 2 + |2|r

|2|(r−1)n+1

)
θ‖a‖r. (6)

It follows from (6) that the sequence
{

2nf
(

a
2n

)}
is a Cauchy sequence for all a ∈ A.

Since A is a non-Archimedean Banach algebra, the sequence
{

2nf
(

a
2n

)}
converges.

Hence, one can define mapping D : A −→ A by D(a) := limn→∞ 2nf
(

a
2n

)
for all

a ∈ A. It follows from (3) and definition of D that

‖D(a) +D(b) + cD(d) +D(c)d‖

= lim
n→∞

‖4nf
( a

4n

)
+ 4nf

( b
4n

)
+ c2nf

( d
2n

)
+ f
( c

2n

)
2nd‖

= lim
n→∞

∥∥∥4n
(
f
( a

4n

)
+ f
( b

4n

)
+

c

2n
f
( d

2n

)
+ f
( c

2n

) d
2n

)∥∥∥
≤ lim

n→∞

∥∥∥4nkf
(a+ b+ cd

4nk

)∥∥∥
+ lim

n→∞

|4|n

|4|nr
θ(‖a‖r + ‖b‖r + ‖cd‖r) =

∥∥∥kD(a+ b+ cd

k

)∥∥∥ (7)

and so ‖D(a) + D(b) + cD(d) + D(c)d‖ ≤
∥∥∥kD(a+b+cd

k

)∥∥∥. By Proposition 2.1, the

mapping D : A −→ X is a derivation. Now it is enough to prove D is unique. Let

D′ : A −→ X be another derivation satisfying (4). Then, we have

‖D(a)−D′(a)‖ =
∥∥∥2nD

( a
2n

)
− 2nD′

( a
2n

)∥∥∥
≤ max

{∥∥∥2nD
( a

2n

)
− 2nf

( a
2n

)∥∥∥,∥∥∥2nD′
( a

2n

)
− 2nf

( a
2n

)∥∥∥}
≤ 2 + |2|n

|2|(r−1)n+1
θ‖a‖r (8)

which tends to zero as n→∞ for all a ∈ A. So D(a) = D′(a) for all a ∈ A. �

Theorem 2.3. Suppose that k is a fixed integer greater than 2 and |k| < |2|.
Let r > 1, θ be nonnegative real numbers and f : A −→ X be an odd mapping such

that f(1) = 0 and

‖f(a) + f(b) + cf(d) + f(c)d‖ ≤
∥∥∥kf(a+ b+ cd

k

)∥∥∥
+ θ(‖a‖r + ‖b‖r + ‖cd‖r) (9)

for all a, b, c, d ∈ A. Then, there exists a unique derivation D : A −→ X such that

‖f(a)−D(a)‖ ≤ 2 + |2|r

|2|
θ‖a‖r (a ∈ A). (10)
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Proof. Using the proof method of previous theorem, we can see that

‖f(a)− 1

2
f(2a)‖ ≤

(
2 + |2|r

|2|

)
θ‖a‖r. (11)

The rest of the proof of is similar to the proof of Theorem 2.2. �

Theorem 2.4. Suppose that k is a fixed integer greater than 2 and |k| < |2|.
Let r < 1

3
, θ be nonnegative real numbers and f : A −→ X be an odd mapping such

that f(1) = 0 and

‖f(a) + f(b) + cf(d) + f(c)d‖ ≤
∥∥∥kf(a+ b+ cd

k

)∥∥∥
+ θ‖a‖r‖b‖r‖cd‖r (12)

for all a, b, c, d ∈ A. Then there exists a unique derivation D : A −→ X such that

‖f(a)−D(a)‖ ≤ θ|2|r

|2|3r
‖a‖3r (a ∈ A). (13)

Proof. Letting a = b := a, c := −2a and d = 1 in the (12), we obtain

‖f(a) + f(a)− 2af(1) + f(−2a)1‖ ≤
∥∥∥kf(a+ a− 2a

k

)∥∥∥+ θ‖a|r‖a‖r‖2a‖r

‖2f(a)− f(2a)‖ ≤ θ‖a‖3r|2|r

and so ∥∥∥f(a)− 2f
(a

2

)∥∥∥ ≤ |2|rθ|2|3r ‖a‖3r.
The rest of the proof is similar to the proof of Theorem 2.2. �

Theorem 2.5. Suppose that k is a fixed integer greater than 2 and |k| < |2|.
Let r > 1

3
, θ be nonnegative real numbers and f : A −→ X be an odd mapping such

that f(1) = 0 and

‖f(a) + f(b) + cf(d) + f(c)d‖ ≤
∥∥∥kf(a+ b+ cd

k

)∥∥∥
+ θ‖a‖r‖b‖r‖cd‖r) (14)

for all a, b, c, d ∈ A. Then there exists a unique derivation D : A −→ A such that

‖f(a)−D(a)‖ ≤ θ|2|r

|2|
‖a‖3r (a ∈ A). (15)

Proof. Letting a = b := a, c := −2a and d = 1 in the (14), we can obtain

‖2f(a)− f(2a)‖ ≤ θ‖a‖3r|2|r
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and so ∥∥∥f(a)− 1

2
f
(a

2

)∥∥∥ ≤ |2|rθ|2| ‖a‖3r.
The rest of the proof is similar to the proof of Theorem 2.2. �

References

[1] T. Aoki, On the stability of the linear transformation in Banach spaces, J. Math. Soc. Japan.,

2 (1950) 64-66.

[2] Y. J. Cho, C. Park and R. Saadati, Functional inequalities in non-Archimedean Banach spaces,

Applied Mathematics Letters, 23 (2010) 1238-1242.

[3] S. Czerwik (ed.), Stability of Functional equations of Ulam-Hyers-Rassias Type, Hadronic

Press, 2003.

[4] G. L. Forti, Hyers-Ulam stability of functional equations in several variables, Aequations

Math., 50 (1995), 143-190.

[5] D. H. Hyers, On the stability of the linear functional equation, Proc. Natl. Acad. Sci. USA,

27 (1941) 222-224.

[6] M. S. Moslehian, Hyers-Ulam-Rassias stability of generalized derivations,

arXiv:math.FA/0501012

[7] M. S. Moslehian and Th. M. Rassiase, stability of functional equations in non-Archimedean

space, Appl. Anal. Discrete Math., 1 (2007), 325-334.

[8] M. S. Moslehian, Gh. Sadeghi, Stability of two types of cubic functional equations in non-

Archimedean spaces, Real Anal. Exchange., 33 (2) (2008) 375-384.

[9] M. S. Moslehian, Gh. Sadeghi, A Mazur-Ulam theorem in non-Archimedean normed spaces,

Nonlinear Anal., 69 (2008) 3405-3408.

[10] A. K. Mirmostafaee, Stability of quartic mappings in non-Archimedean normed spaces, Kyung-

pook Math. J., 49 (2009) 289-297.

[11] A. Najati, F. Moradlou, Hyers-Ulam-Rassias stability of the Apollonius type quadratic mapping

in non-Archimedean spaces, Tamsui Oxf. J. Math. Sci., 24 (2008) 367-380.

[12] C.-G. Park, Lie ∗-homomorphisms between Lie C*-algebras and Lie derivations on Lie C*-

algebras, J. Math. Anal. Appl., 293 (2004), 419-434

[13] Th. M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer. Math.

Soc., 72 (1978) 297-300.

[14] Th. M. Rassias, On the stability of functional equations and a problem of Ulam, Acta

Appl.Math., 62 (1)(2000), 23-130.

[15] S. M. Ulam, Problems in Modern Mathematics, Science Editions, John Wiley & Sons, New

York, 1964.

[16] S. M. Ulam, A Collection of the Mathematical Problems, Interscience Publ., New York, 1960.

Department of Mathematics, Faculty of Basic Sciences, University of Bojnord,

P. O .Box 1339

Bojnord, Iran.

Email address: a.niazi@ub.ac.ir, niazimotlagh@gmail.com


	1. Introduction 
	2. Main Results 
	References

